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INTRODUCTION 


In this unit we complete our study of computable functions and derive some 
results about their scope and limitations. 

In Unit 1 we studied URM-computable functions directly in terms of URM 
programs, but in Unit 2 we changed our approach and looked instead at two 
processes for generating URM-computable functions, namely substitution 
and primitive recursion. The functions that we can obtain from a particular 
set of basic functions using these processes are called the primitive recursive 
functions. From the work in Unit 1 we were able to deduce immediately 
that all these primitive recursive functions are URM-computable. In Unit 2 , 
we explored the class of primitive recursive functions in some detail and 
showed that very many useful functions are primitive recursive. 

Despite the power of primitive recursive functions, we were able to prove, 
using Cantor’s ideas, that not all functions are primitive recursive. This 
followed from the observation that the set of primitive recursive functions 
of one variable is countably infinite while the set of all functions of one 
variable is infinite but not countably infinite. Since we showed that 
URM-computable functions also form a countably infinite set, this sort of 
argument is not adequate to answer the question as to whether every 
URM-computable function is primitive recursive, but we have hinted that 
this is not the case. We explore this point further in this unit. 

We begin, in Section 1, with a diagonal argument to show that there is a 
URM-computable function which is not primitive recursive. We do not give 
all the details but we hope that you will find the argument convincing. Then 
we broaden our notion of URM-computability in a way that we shall see is 
important. It will be clear that some functions in this wider class of 
URM-computable functions are not primitive recursive. This leads, in 
Section 2, to the introduction of a third process, minimization , for 
generating functions. We show that, together with substitution and 
primitive recursion, this process generates all the URM-computable 
functions in the new wider sense. In Section 3, we use this to deduce a 
number of important results about the scope and limitations of 
computability. We give reasons for believing Church’s Thesis, which 
essentially says that the theoretical model of computation provided by URM 
programs is powerful enough to encompass all possible algorithmic 
computations. From this it follows that our work has applications not just 
to URM programs but to any conceivable digital computer. This, of course, 
adds greatly to the significance of the theory. The unit ends with a 
discussion of some problems that are not algorithmically decidable. 


1 URM-COMPUTABLE FUNCTIONS 


In this section we extend the notion of URM-computability. First, in 
Subsection 1.1, we see that there are URM-computable functions which are 
not primitive recursive. Then, in Subsection 1.2, we introduce the idea of a 
partial function and extend the idea of URM-computability to cover such 
functions. This extension of URM-computability will prove very important 
in Section 2. 
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1.1 A diagonal argument 

Recall that the set of primitive recursive functions is the set of functions 
which we can obtain from the basic primitive recursive functions by the 
operations of substitution and primitive recursion. We can use the definition 
of a primitive recursive function to assign to it a code number , in a similar 
way to the method used to code URM programs in Unit 2. We use 8(f) to 
indicate the code number assigned to the function / in this way. 

First we assign codes to the basic primitive recursive functions. We arrange 
this so that they all receive codes which are multiples of 3 as follows: 

<5(zero) = 3, 

<5(succ) = 9, 

8 (U(f) = 2 k 3 m for all positive integers m, k with m < k. 

Next, if the function h is defined by substitution from the functions 
/, 9i, 92 , ■ ■ ■ > 9t to which we have already assigned code numbers, we put 

8(h) = 2 5 ( f '>3 5{9l) 5 si92 '>.. .pf_ |*f ) + 1. 

Finally, if h is defined from the functions / and g by primitive recursion and 
we have already assigned codes to / and g, we put 

8(h) = 2‘ 5 ^3 <5(s) + 2. 


In this way we assign a code number to every (definition of a) primitive 
recursive function. Given a natural number m, we can, in principle, decide 
whether or not m codes a definition of a primitive recursive function and, if 
so, which definition it codes. In particular, given a natural number m we can 
decode it and determine whether or not it codes a function /: M —> N, and, 
if so, we can determine a definition of / showing how it is built up. From 
this definition, we can compute the values of /. In this way we obtain a 
function of two variables $ : N 2 —> N such that, for all m,n e N, 


$(m,n) = < 


f(n), 

0 , 


if m codes a definition of the primitive 
recursive function / : hi —> N, 

otherwise. 


Furthermore, we hope that it is plausible from our description that there is a 
URM program for computing the values of ( t>, that is, $ is a 
URM-computable function. 


Now we can apply Cantor’s diagonal argument to obtain a function which is 
URM-computable but not primitive recursive. We define g : N —> N by 

g(n ) = $(n, n) + 1. 

Given that d> is URM-computable, it follows that g is URM-computable. 
Now let / be a primitive recursive function and let m code some definition 
of / so that, for all n € N, we have 

f(n) = $(m,n). 

Thus /(to) = $(to,to). Since g(m) = $>(m,m) + 1 we see that g(m) ^ /(to) 
and hence that g ^ f. Thus g is different from each primitive recursive 
function; that is, g is a URM-computable function which is not primitive 
recursive. 


This argument gives pause for thought. It seems at first sight that if we add 
a third process for generating URM-computable functions, as suggested in 
the Introduction, then we could code definitions of functions obtained from 
the basic functions using substitution, primitive recursion and this third 
process and repeat the diagonal argument above to obtain a new 


Strictly speaking, we assign code 
numbers to definitions of primitive 
recursive functions, rather than to 
the functions themselves. A given 
primitive recursive function has 
lots of definitions (actually, 
infinitely many) but this will not 
be significant in our argument. 

<5 is the Greek letter ‘delta’. 


Remember that pj is the j th prime 
number. 


See Unit 2, Section 2. 
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URM-computable function different from all those functions generated by 
the three processes. The way round this difficulty is quite subtle but it has 
the most profound consequences. Our first step is to refine our ideas about 
the functions computed by a given URM program P , which we do in the 
remainder of this section. 


1.2 Partial functions and URM-computability 

We have seen two ways of looking at URM-computable functions. One way 
is to take a URM program P and consider the functions it computes. For 
instance, in Unit 1 we looked at a URM program P which computes the 
function add: f\] 2 —> N. The other way is to look at general ways (such as 
substitution and primitive recursion) of combining basic URM-computable 
functions to give more complex URM-computable functions, as we did in 
Unit 2 when defining primitive recursive functions. However, in Unit 1 we 
deliberately concealed some very important and awkward behaviour which 
can arise when investigating the functions computed by a given URM 
program. Now is the time to face up to this behaviour, which we shall 
illustrate by considering the following URM program. 

1 J(l,2,6) 

2 5(2) 

3 5( 2) 

4 5(3) 

5 J(l,l,l) 

6 C(3,1) 

It can be seen that a computation using this program carries out the cycle of 
instructions 1—>2—>3—>4—>5—>1—until, when it carries out the 
first instruction, the numbers in registers R\ and R 2 are equal; then the 
computation jumps to instruction 6 and thereafter halts. In each cycle the 
number in register i? 2 is increased by 2 and that in R 3 is increased by 1. So 
with input n in register R\ and 0 in all the other registers, the number in i? 2 
takes successively the values 0,2,4,... and the computation halts only when 
this number is equal to n. Thus we see that a computation with this 
program with input n halts if and only if n is even, in which case the output 
is |n. We are going to extend our definition of URM-computability so that 
we can assert that this program computes the function / given by 

„. . f hn, if n is even, 

f (fi) —— \ ^ 

\ undefined, otherwise. 

Up to this point in the course, all our functions of one variable have had 
domain bj, so we shall also have to modify what we mean by a function to 
cover the case when the domain of a function like this / is a subset of N. 

We describe a function with domain a subset of N and codomain N as a 
partial function from N to N. If / : N —> M is a partial function with 
domain D C N, we say that f(n ) is undefined if n D. There is an 
analogous notion of a partial function from —> N. Of course we regard 

N as a subset of so a function with domain N and codomain bJ will count 
as a partial function. If we want to emphasize the fact that the domain of / 
is the whole of N, we shall say that / : N —> N is a total function. We adopt 
the same convention for functions of more than one variable. 

Motivated by the example above, we are going to make an important 
broadening of our notion of URM-computability. Essentially we shall say 
that a URM program computes a partial function / of one variable if, for 
input n, the machine halts with output /(n) if f{n) is defined and never 
halts otherwise. We generalize this to functions of any number of variables 
as follows. 


See Example 2.1 of Unit 1. 


In this context, you can think of 
‘/(n) is defined’ as meaning that 
/(n) has a value in N. ‘Undefined’ 
means just that — there is no 
value of /(n). 
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Definition 1.1 URM-computability 

Let P be a URM program and let k be any positive integer. We say 
that P computes the partial function / : —> N if, for all 

(m,n 2 ,...,n fc ) G N k : 

(a) if the computation of the URM program P with input 

(n i, ri 2 ,..., rife) halts, it produces the output f(riy , ri 2 ,. .., nfc); 

(b) if the computation of the URM program P with input 
(ni,ri 2 ,... ,nfc) does not halt, f(ny,n 2 , ... ,rifc) is undefined. 

The partial function / is said to be computed by the URM program P. 

A partial function / : N fc —> N is said to be URM-computable if there 
is a URM program which computes it. 


Henceforth when we say that a function / is URM-computable we shall 
mean that / is a partial (possibly total) function which is URM-computable 
in the sense of Definition 1.1. 


Recall from Unit 1 that a given URM program can be used with any finite 
number of input variables. Thus a given URM program P computes a 
(partial) function / : N fc —► 14 for each positive integer k. It will be helpful 
to use the notation fp for the (partial) function of k variables computed 
byP. 

Example 1.1 

Consider the following URM program P. 

1 J(l, 2,4) 

2 5(2) 

3 J(l,l,l) 

You can see that this program carries out a cycle of instructions 
1—» 2 —>3—>1—► • • • until the numbers in registers Ry and R -2 are equal, in 
which case the jump to the non-existent instruction 4 means that the 
computation halts. Of course, if the initial content of R 2 is greater than that 
of Pi, the S (2) instruction guarantees that the computation never halts, 
while otherwise the computation does halt with the content of Ry 
unchanged. 


When we investigate which function of one variable P computes, the input 
convention for computing such a function makes the initial content of 
register P 2 equal to 0, so that the computation halts for all inputs n in 
register Ry. This function, fp, is then given by 

/p(n) = n, for all n. 


In this case the function computed by P is total. 

However, if k > 2, for some inputs {ny,n 2 , ..., nyf) we will have ni < n 2 and 
the computation will not halt. In general, for k > 2, the function fp 
computed by P is given by 


fp(ny,n 2 ,.. 



n 1 , 

undefined, 


if ny > 712 , 
otherwise, 


and the function is not total. 


♦ 


Problem 1.1 _ 

Let P be the URM program with the single instruction 


1 J(l, 2,1) 

Describe the function fp of one variable and the function /J> of two variables 
computed by P. Describe also the functions fp for k > 3. 



Problem 1.2 _ 

Show that the partial function h : N —> N given by 


h(ri) 


r in, 

\ undefined, 


if n is a multiple of 3, 
otherwise, 


is URM-computable. 


We have now widened our view of what it means for a function to be 
computed by a URM program. Can we correspondingly widen our 
understanding of which functions are URM-computable by introducing some 
extra process besides substitution and primitive recursion? And can we do 
this in a way for which the diagonal argument in Subsection 1.1 doesn’t 
produce a new sort of URM-computable function not already covered? All 
this will be answered positively in the next section. 


2 RECURSIVE FUNCTIONS 


In this section we shall see how a new process for generating (partial) 
functions, known as minimization, can be combined with substitution and 
primitive recursion to generate all the URM-computable functions, in the 
new sense defined in Section 1. Subsection 2.1 introduces the concept of 
minimization, which is closely related to the idea of bounded minimization 
introduced in Unit 2. This leads to the definition of recursive functions and 
to the conclusion that every recursive function is URM-computable. 
Subsection 2.2 shows how URM-computations can be coded, building on 
ideas from Unit 2, and proves an important theorem concerning this coding. 
This then, in Subsection 2.3, allows us to prove that all URM-computable 
functions are recursive, thus showing that URM-computability and 
recursiveness are equivalent. We also prove some important related results, 
including Kleene’s Normal Form Theorem. 


2.1 Unbounded searches 


As we have seen, a given URM computation may or may not halt and so 
may or may not produce an output value. Computing a particular value of a 
function using a URM program involves following the program and carrying 
out the steps it specifies. We obtain a value for the function if and only if we 
reach a stage where the computation halts. Recall that this occurs when the 
next instruction to be carried out does not exist. Thus we can view the 
computation as a search process. We are searching the stages of the 
computation to see if there is a stage at which the computation halts 
because it is directed to carry out a non-existent instruction. Since the 
computation may not halt, this search is, in principle, unbounded. 


We discussed bounded searches in Section 3 of Unit 2, where we saw that 
they produce primitive recursive functions when applied to primitive 
recursive functions. The observation in the previous paragraph suggests that 
to capture the behaviour of URM computations we need also to consider 
unbounded searches. When we carry out an unbounded search, there is no 
guarantee that it will produce a value. Thus it may be difficult to decide 
algorithmically whether a function defined by an unbounded search is total 
or not. We shall find that this is the way out of the dilemma caused by the 
diagonal argument used in Subsection 1.1. We can code definitions of 
functions defined by unbounded searches but we may not be able to decode 
numbers to decide whether they correspond to definitions of total functions. 


Recall that ‘bounded search’ is 
simply an alternative name for 
‘bounded minimization’. 
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If so, and we shall see that indeed it is so, this blocks the use of a diagonal 
argument to try to define a URM-computable function not generated by the 
processes we are considering. 

These considerations lead us to investigate as our third process for 
generating functions that of unbounded searches. We shall call this process 
minimization. It is an extension of the process of bounded minimization, 
and we use very similar terminology to define it. We again use the notation 
py to stand for ‘the minimum y such that’. 


Notice that this definition applies 
only to total functions. It is 
extended to partial functions later. 


Note that if / : l\l fc+1 —> N is a total function and g : —> N is given by 

g(n 1 ,n 2 ,...,n k ) = py (f(n 1 ,n 2 ,...,n k ,y) = 0) (2.1) 

then g will, in general, be a partial function. 

As in the case of bounded minimization, we can extend the concept to 
relations. 


Definition 2.1 Minimization on a total function 

Let / : M fc+1 —* N be a total function and let ( n\,n 2 ,... ,n k ) € IN fc be 
fixed. We write the minimization operation on / as 

UV (f(ni,n 2 ,...,n k ,y) = 0) 

and specify its effect as follows: 

{ the smallest f/fN such that 
f{n 1 ,n 2 ,...,n k ,y) = 0, 
if there is such a y, 

undefined otherwise. 


Definition 2.2 Minimization on a relation 

Let R(n\,n 2 ,... ,n k ,y) be a (k + l)-place relation on N fc+1 and let 
(ni,n 2 ,..., n k ) € f\J A ' be fixed. We write the minimization operation 

on R as 


py R(ni,n 2 ,...,n k ,y) 


and specify its effect as follows: 

r the smallest y G M for which 

py R(ni,n 2 ,...,n k ,y) = < 

R(ni,n 2 ,...,n k ,y) holds, 
if there is such a y, 


undefined otherwise. 


Again, if g : —> N is given by 

g(m,n 2 ,...,n k ) = py R(m,n 2 ,... ,n k , y) (2.2) 

then g will, in general, be a partial function. 

Recall, from Unit 2, that R{n\,n 2 , ..., n k ,y) holds if and only if 
Xn{ni,n 2 ,... ,n k ,y ) = 1, where \r is the characteristic function of R, which 
in turn holds if and only if sg(Xft(™i , n 2 , ..., n k , y)) = 0 , where sg is the 
signum-bar function. Hence we have 

py R(m,n 2 ,...,n k ,y) <t=> py (sg(x fl (m, n 2 ,..., n k ,y)) = 0). 

Thus, since sg and \r are total functions, and therefore so is sg °X/j, 
minimization on a relation is equivalent to minimization on a total function. 
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Before giving some examples of the use of minimization, we shall introduce 
an extra piece of notation to help alert us to the possibility that partial 
functions might not have a value for all inputs. Let g : fd fc —> Id and 
h : fd fc —> Id be partial functions. We write 

g(ni,n 2 ,...,n k ) « h(ni,n 2 ,.. •, n k ) 


to mean that either g(ni,n 2 ,..., n k ) and h(n\, n 2 ,..., n k ) are both defined 
and equal, or neither is defined. We shall often use this notation when 
defining a partial function g in terms of a partial function h. For instance, if 
h : Id —> N is partial function given by 


h(n) = / 5 n ’ 


\ undefined, 


if n is a multiple of 3, 
otherwise, 


We considered this function in 
Problem 1.2. 


we can define a partial function g: Id —> Id by 


g{ri) « h(n + 1), for all n, 


so that 
9(n) 


|(n +1), if n + 1 is a multiple of 3, 
undefined, otherwise. 


Also, now that we have this new notation, we could rewrite (2.1) and (2.2) as 


g(ni,n 2 ,...,n k ) w yy {f(ni,n 2 ,...,n k ,y) = 0), 

g(m,n 2 ,...,n k ) » yy R{m,n 2 ,... ,n k , y). 

Using this notation we can say that two partial functions / : ld fc —> Id and 
g : N k —> Id are equal, and write / = g, if, for all (m, ri2, ..., n k ) € ld fe , 

/(ni, n 2 , ..., n k ) « g{ni, n 2 ,..., n k ). 


Example 2.1 

Let g : Id — > Id be the function given by 
g{n) w gy ( y 2 = n). 

Thus we have g( 0) = 0, g( 1) = 1, g( 2) and ^(3) are not defined, g( 4) = 2 and 
so on. Thus, for each n € Id, 

y/n, if n is a square, ^ 

undefined, otherwise. 

Example 2.2 

Let g : Id —> Id be the function given by 
g(n) « yy (n - 3y = 0). 

In this case, g could actually be 
defined by bounded minimization, 
as the number n itself provides a 
suitable bound on y. We have 
g(n) = yy <n{n-3y = 0). 

In the following and subsequent problems, when we ask you to ‘evaluate 
g(n)\ where g is a partial function, we mean ‘determine whether g(n) is 
defined and, if so, state its value’. 


We observe that n — 3y = 0 if and only if n < 3y and hence, for each n, 
g{n) ~ yy (n < 3y); that is, for each n, g(n) is the smallest y such that 
n < 3 y. As there is such a y for all n, it follows that g is a total function, 
with g(O) = 0, 5 ( 1 ) = 1, 5(2) = 1, 5 ( 3 ) = 1, 5 ( 4 ) = 2 and so on. ♦ 



Problem 2.1 _ 

Let g : Id —> Id be the function given by 
g(n) « yy (2 y = n). 

Evaluate g(n) for 0 < n < 6. 
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Problem 2.2 _ 

Let g : l\l —> N be the function given by 
g{n) « py (n - y 2 = 0). 

Evaluate g(n) for 0 < n < 9. 


In Definition 2.1, we specified that the function / should be a total function. 
Now we consider how to apply minimization to partial functions. We need 
to take some care with this definition if we wish minimization to lead from 
URM-computable functions to URM-computable functions. Suppose, for 
example, that / : M 2 —> bJ is a URM-computable function and that we have 

/( 3 , 0 ) * 1 , 

/(3,1) = 5, 

/(3,2) is undefined, 

/( 3 , 3 ) = 7 , 

/ (3,4) = 0. 

Now consider how we would set out to compute py (/(3, y) — 0). The 
natural way to do this would be to use the URM program which computes / 
to obtain successively the values of /(3,0), /(3,1), /(3,2), /(3,3), /(3,4) 
and so on, until we found a value of y for which /(3, y) = 0. However, in this 
case, as /(3,2) is undefined, when we come to the input (3,2) the 
computation will not halt. So we would never reach the stage of inputting 
(3,3) and then (3,4). Thus we would never discover that /(3,4) = 0. Hence, 
contrary to what might be expected from the table of values above, our 
computation would not halt with output 4. We should therefore be bound to 
say that py(f(3,y) = 0) is undefined. We could detect 4 as the smallest 
value of y for which /(3, y) = 0 only if the computations of the value /(3, y) 
for 0 < y < 4 all halted and produced non-zero outputs in each case. 

This example suggests (correctly, as we shall see later) that if we want 
minimization applied to URM-computable functions to yield 
URM-computable functions, then we need to define minimization applied to 
partial functions in the following way. 


Definition 2.3 Minimization on a partial function 

Let / : N fc+1 —> N bea partial function and let (m, ri2,..., rik) € 
be fixed. We write the minimization operation on / as 


py{f{ni,n 2 ,...,n k ,y) = 0) 


and specify its effect as follows: 


z, 


py(f(ni,n 2 ,...,n k ,y) = 0) = < 


l, undefined, 


if /( n i,n 2 , • • •, n k , z) =0 
andf(m,n 2 ,...,n k ,y) 
is defined and 
f(ni,n 2 ,..., n k , y) ± 0 
for all y such that 
0 <y < z, 

otherwise. 


The partial function 

g(ni,n 2 ,...,n k ) « py {f(n!,n 2 ,...,n k ,y) = 0) 
defined in this way is said to be obtained from / by minimization. 


In the case where the function / is 
total, this definition accords with 
Definition 2.1. 
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Example 2.3 

Let / : N 2 —> N be the partial function given by 

{ 0 , if n ^ 0, y ^ 0 and n is a divisor of y , 

1, if n = 0 or y = 0, 

undefined, otherwise, 

and let g : N —> N be obtained from / by minimization. Thus 
g(n) » yy ( f(n,y ) = 0). 

We have the following table of values of /, for 0 < n < 6 and 0 < y < 6, 
where * means ‘undefined’. 


f(n,y) 

0 

1 

2 

y 

3 

4 

5 

6 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

0 

0 

0 

0 

0 

2 

1 

* 

0 

* 

0 

* 

0 

n 3 

1 

* 

* 

0 

* 

* 

0 

4 

1 

* 

* 

* 

0 

* 

* 

5 

1 

* 

* 

* 

* 

0 

* 

6 

1 

* 

* 

* 

* 

* 

0 


We see that: 

(a) g(0) is not defined because there is no y G N with /(0, y) = 0; 

(b) g( 1) = 1, as /(1,0) is defined and is non-zero and /(1,1) = 0; 

(c) for n > 1, g(n) is not defined as in this case y = n gives the smallest 
value of y for which f{n,y ) = 0, but f(n,n— 1) is not defined. 


To summarize, 


f 1, if n = 1, 

[ undefined, otherwise. 


♦ 


Problem 2.3 

Let / : N 2 — 

f(n,y) ■■ 

and let <7: Pd 


N be the partial function given by 

(n-y 2 , if n> y 2 , 

| undefined, otherwise, 

—> f\l be the partial function given by 


g{n) « yy(f(n,y) = 0). 

(a) Evaluate g( 2) and g( 4). 

(b) What is the domain of the function g? 


Problem 2.4 --- 

Values of the partial function / : N 2 —> fd are shown in the following table, 
where * means ‘undefined’. 


f(n,y) 

0 

1 

2 

y 

3 

4 

5 

6 

0 

3 

2 

* 

0 

1 

* 

0 

1 

4 

3 

0 

* 

* 

0 

1 

2 

4 

2 

7 

* 

0 

2 

3 

n 3 

0 

* 

* 

* 

* 

* 

* 

4 

2 

3 

7 

0 

* 

* 

* 

5 

2 

* 

2 

3 

4 

5 

6 

6 

2 

0 

* 

* 

1 

2 

3 
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Let g : LJ —> LI be the partial function given by 
g(n) « fiy {f(n,y) = 0). 

Evaluate g(n) for 0 < n < 6. 


It is worth noting that the difficulty we encountered when extending the 
minimization operation from total to partial functions does not apply in the 
case of relations since, as we saw earlier, minimization on a relation is 
equivalent to minimization on a total function. 


We are going to study the class of functions that we get when we add 
minimization to the operations which we used to generate the primitive 
recursive functions. Since minimization will, in general, produce a partial 
function even when applied to a total function, we need to extend the 
definitions of substitution and primitive recursion to partial functions. 

Substitution If /: LJ ( —> LI, gi : Ll fc —> LI, <72 : Ll fe —» LI,..., gt : LJ fc —> LI 
are partial functions, then the partial function h : L fc —> LJ such that 


h(ni,n 2 ,.. .,n k ) « 

f(gi{ni,n 2 ,. . .,n k ),g 2 (ni,n 2 ,... ,n k ),.. ■ , 9 t{n\,n 2 ,... ,n k )), 

is said to be obtained from /, <71 , g 2 , ■ ■ ■ , gt by substitution. 

Primitive recursion If /: Ll fc —> N and g : N fc+2 —» M are partial 
functions, then the partial function h : N fc+1 —> M such that 


h{n\,,rik) is defined only when 
gi (m,..., n k ), ■ ■ ■, g t (ni,..., n k ) 
are all defined and 
f{gi(n u ...,n k ),...,g t (ni,...,n k )) 
is defined. 


h{ni,n 2 ,...,n k , 0) « f(n i,n 2t ... ,n k ), 

h{n 1 , n 2 ,..., n k , n + 1) « g(m , n 2 ,... , n k ,n, h(n x , n 2 ,. . ., n k ,n)), 
is said to be obtained from / and g by primitive recursion. 


Example 2.4 

Let g\: LI —> LI and g 2 : LI —* LI be the partial functions given by 


5i ( n ) | un defined, 

/ \ _ / n + 8 , 

92 ( n ) | undefined, 


if n is a multiple of 2, 
otherwise, 

if n is a multiple of 3, 
otherwise, 


and let /: LI 2 —> LJ be the partial function given by 


f(ni,n 2 ) 


n\ + 1, if both ni and n 2 are multiples of 4, 
undefined, otherwise, 


We shall describe the function h: LI —> LJ obtained from /, gi , g 2 by 
substitution. 


ft(ni ,... ,n k ,n + 1) is defined only 
when h(n 1 ,... ,n k ,n) is defined and 
g{ni , ...,n k ,n, h(m, ...,n k , n)) 
is defined. 


For h(n) to be defined, we need both g\ (n) and g 2 (n) to be defined, which 
only happens when n is divisible by both 2 and 3, i.e. when n is divisible 
by 6, in which case gi(n) = n and g 2 (n) = n + 8. In addition we need 
f(gi(n),g 2 {n)) to be defined. Putting n = 6 k, where k is a natural number, 
this requires both g\ (n) = 6 k and g 2 (n) = 6 k + 8 to be divisible by 4, which 
only happens when k is even, so that n is divisible by 12. Thus h is the 
function 



n+ 1, 
undefined, 


if n is a multiple of 12, 
otherwise. 


♦ 
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Problem 2.5 - 

Let /: N —> N and g : N 3 —> N be the functions defined by 


/(n) = 1, for all n, 


< 7 ( 711 , 71 , m 



Til + 777, 

undefined, 


if 771 < 2, 
otherwise. 


Describe the function h: I^ 2 —► N obtained from / and g by primitive 
recursion. 


The class of primitive recursive functions was introduced in Definition 1.2 of 
Unit 2. We now extend that class to our most important class of functions. 


Definition 2.4 Recursive function 

A function is said to be recursive if it can be obtained from basic 
primitive recursive functions using the operations of substitution, 
primitive recursion and minimization on a function a finite number of 
times. 


We shall often find it convenient to deal with relations as well as functions. 


Definition 2.5 Recursive relation 

A relation R is said to be a recursive relation if its characteristic 
function \r is a recursive function. 


We saw earlier that minimization on a relation R is equivalent to 
minimization on the total function sgo \ R . Furthermore, if the relation R is 
recursive then so is the function \r and hence, since sg is primitive recursive, 
so is the function sg o\ R . Therefore, it is an immediate consequence of 
Definitions 2.4 and 2.5 that if a function / can be obtained from functions 
and relations already known to be recursive by substitution, primitive 
recursion or minimization (on a function or relation) then / is recursive. 


Problem 2.6 


Show that the partial function h : N —> N given by 
( 177 , if 77 is a multiple of 3, 


h{n) 


\ undefined, otherwise, 


is recursive. 


We shall also have need for recursive sets. 


Definition 2.6 Recursive set 

A subset A of M is said to be a recursive set if its characteristic 
function \a h a recursive function. 

In general, a recursive function is a partial function. A recursive function 
which is actually a total function is called a total recursive function. 


Theorem 2.1 

Every primitive recursive function is a total recursive function. 


The basic primitive recursive 
functions are given in 
Definition 1.1 of Unit 2. 
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Proof 

A primitive recursive function is a total function. Since the processes for 
generating recursive functions include those for generating primitive 
recursive functions, a primitive recursive function is recursive. ■ 

Now we turn our attention to the relationship between the recursive 
functions and the URM-computable functions. We shall show that these two 
classes of functions are indeed identical. First we show that every recursive 
function is URM-computable. 

We know that the basic primitive recursive functions are URM-computable. 
It is relatively easily to extend the proofs of Theorems 3.1-3.4 of Unit 1 to 
show that our wider class of (partial) URM-computable functions is closed 
under the operations of substitution and primitive recursion. Thus all that 
remains to be done is to show that the class of URM-computable functions 
is also closed under the operation of minimization. 

It should be reasonably clear from our earlier discussion that if we have a 
URM program for computing the values of a partial function 
/ : N fc+1 —> N, then we can derive from it a URM program for computing 
t-iy (/(ni,n 2 ,..., n*,, y) =0). The required program will compute 
successively the values f(ni,n 2 , 0), /(nj, n 2 ,...,rpt, 1), 

f(n i, n 2 rife, 2),... until it obtains the value 0 or until it reaches an n for 
which /(ni, n 2 ,..., rik,n) is undefined (in which case the program makes no 
further progress and fails to halt). There are some technical details to take 
care of such as storing the input values ni, n 2 ,..., rife in registers not used in 
the computation of /, keeping track of the current value of the recursion 
variable y and clearing all appropriate registers before computing the next 
value of /. We shall deal with these technicalities later. First we give a flow 
chart to indicate how our program is intended to operate. We assume that / 
is a URM-computable (so, in general, a partial) function which is computed 
by the URM program P. 



Since the proof of the closure of 
this wider class under substitution 
and primitive recursion follows 
very similar lines to the proofs for 
the narrower class in Unit 1, 
Theorems 3.1-3.4, we omit the 
details. 
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If we reach a value of y for which f{n \, 77 , 2 ,... ,n k ,y) is not defined, the 
computation using the program P for this value of y does not terminate and 
we do not obtain an output value. Likewise if / is a total function but there 
is no y £ N such that f(n\, n 2 , ■ ■., n k , y) = 0, then the program goes round 
the loop indefinitely and again there is no output. This is exactly what is 
specified for yy n 2 ,..., n k ,y ) = 0) in such cases. We shall show how 

to convert the flow chart into a program. 

Recall from Unit 1 that we use p{P) for the largest number u such that the 
URM program P uses the register R u . Recall also from Unit 1 that we use 
Z(l,m) to represent the program 

1 Z( 1) 

2 Z( 2) 

m Z(m) 

which clears all the registers R\, R 2 , • • •, Rm- 


Theorem 2.2 Closure under minimization on a function 

If / : [U fc+1 —> N is a URM-computable function, then so also is the 
function g : N k —* N given by 

g(ni,n 2 ,...,n k ) « yy (f{ni,n 2 ,...,n k ,y) = 0). 


Proof 

Let / : M fc+1 —> N be a URM-computable function and let P be a URM 
program which computes the function /. Suppose that p(P) = u. We can 
use the registers R u + 1 , R u + 2 , ■ ■■ , R u +k to store the input values 
m, n 2 ,..., n k and register R u + k +1 to store the current value of the recursion 
variable y. We check whether or not f(n\,n 2 ,... ,n k ,y) = 0 by comparing 
the output from running the program P with the number in register 
R u + k + 2 , which will remain 0 throughout the computation. Our required 


program is 

as follows. 


1 

C(l, u + 1) 'j 

: 1 

| Store input values 

k 

C{k,u + k ) J 

P 

J(l, u + k + 2, v) 

Z(l,u) 

S(u + k + 1) 

C(u + 1,1) 1 

Compute/(ni, n 2 , ...,n k ,y) 
Is /(ni,n 2 , ...,n k ,y) = 0? 
Clear registers used by P 
Add 1 to y 

1 


1 

' 

> Recall input values 

V 

C(u + k,k) J 

C{u + k -j-1? k -j-1) 

J(l, 1, k + 1) 

C{u 4" k -b 1,1) 

1 

Put y in R k+ i 

Loop back to program P 
Put y in output register 


We can see that this program computes the function g. Thus g is a 
URM-computable function. 


We saw earlier that minimization on the relation R is equivalent to 
minimization on the function sg °Xr- Furthermore, by definition, if R. is a 
URM-computable relation then Xr is a URM-computable function. Also, we 
saw in Unit 2 that sg is URM-computable. Hence, by Theorem 3.2 of 
Unit 1, sg°x R is URM-computable. We can thus deduce the following result 
from Theorem 2.2. 


Note that we have used v as the 
number of the final instruction of 
the program. 


Unit 2, Example 1.6. 
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Theorem 2.3 Closure under minimization on a relation 

If R is a URM-computable (k + l)-place relation, then the function 
g : M given by 

g(ni ,n 2 ,..., n k ) ta ny R(ni,n 2 , ...,n k ,y) 

is a URM-computable function. 


Prom Theorems 2.2 and 2.3 and the corresponding closure results for 
substitution and primitive recursion, it follows that all the functions 
obtainable from the basic primitive recursive functions using the operations 
of substitution, primitive recursion and minimization (on a function or 
relation) are URM-computable. In other words, we have the following 
important theorem. 


Theorem 2.4 

Every recursive function is URM-computable. 


Example 2.5 

Let P be the following program. 

1 J( 2,3,6) 

2 5(4) 

3 5(4) 

4 5(3) 

5 .7(1,1,1) 

6 5(4) 

7 5(1,4,11) 

8 Z( 1) 

9 5(1) 

10 5(1,1,12) 

11 Z(l) 


You may like to check that this program computes the function / : fd 2 
given by 


f(n,y) 


0, if n = 2y + 1, 
1, otherwise. 


Now let g : 1^1 —> N be the partial function given by 


N 


g{n) ss fiy ( f(n,y ) = 0). 


Thus 



!(«- 1 ), 
undefined, 


if n is odd, 
otherwise. 


It would not be difficult to devise a URM program which computes g 
directly. However, to illustrate the method used in our proof of Theorem 2.2, 
we give the program that we would obtain from P following this method. 






In this case u = 4 as P uses the registers R\, R 2 , R 3 and R/i only. Also, 
k = 1 here. Thus the program we obtain is as follows. 

1 C( 1,5) 

2 7( 2,3,7) 

3 5(4) 

4 5(4) 

5 5(3) 

6 7(1,1,2) 

7 5(4) 

8 7(1,4,12) 

9 Z( 1) 

10 5(1) 

11 7(1, 1,13) 

12 Z( 1) 

13 J(l, 7,22) 

14 Z{ 1) 

15 Z(2) 

16 Z( 3) 

17 Z( 4) 

18 5(6) 

19 (7(5,1) 

20 (7(6,2) 

21 7(1, 1,2) 

22 (7(6,1) 4 


Problem 2.7 - 

Let / : N 2 —»fd be the function computed by the following program. 

1 7(2,3,15) 

2 5(3) 

3 7(2,3,15) 

4 Z{ 3) 

5 7(1,3,12) 

6 7(2,4,10) 

7 5(3) 

8 5(4) 

9 7(1,1,5) 

10 Z{ 4) 

11 7(1,1,5) 

12 7(2,4,14) 

13 7(1,1,15) 

14 Z{ 1) 

Give the program, as derived from the proof of Theorem 2.2, which 
computes y,y ( f(n , y) =0). 

Problem 2.8 --- 

Suppose that the URM program P computes a function / : —> N of 

k + 1 variables and that P has r instructions and uses the registers 
Ri, R 2 ,..., R u - Let P* be the URM program, derived from the proof of 
Theorem 2.2, which computes the function y,y (/'(nj , ri 2 ,..., rik,y) = 0). 
How many instructions does the program P* have? 


We have seen that recursive functions are URM-computable. Also we have 
given some reasons to suggest that adding minimization to the other 
operations allows us to generate all the URM-computable functions. Indeed 
this is the case, and we turn our attention to its proof in the remainder of 
this section. 
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2.2 Coding URM computations 

Having shown, in Theorem 2.4, that every recursive function is 
URM-computable, we now turn to proving that every URM-computable 
function is recursive. The idea of the proof is quite straightforward. 
Carrying out the proof in detail involves a number of technicalities but you 
should not let these obscure the main idea. 

The main idea is this. We show that the stages of a URM computation can 
be coded using primitive recursive functions. We have already made a start 
on this in Section 3 of Unit 2, where we showed that various functions used 
in connection with the coding of URM programs are primitive recursive. 
Obtaining an output value for the function involves running through the 
stages of the computation until it halts and then, if we find such a stage, 
extracting the output value as the number in register when the 
computation halts. 

Searching for a stage when the computation halts corresponds to 
minimization and it will be easy to see that, when such a stage is reached, 
the output value can be extracted using another primitive recursive 
function. Thus the values of the function can be obtained from primitive 
recursive functions by means of minimization. Then it follows at once that 
the function computed by the program is recursive. 

To check in detail that a proof on these lines can be carried out, we need to 
specify a particular way of coding URM computations. We begin by 
considering what we mean by the stages of a URM computation. These 
correspond to the rows of the trace table of the computation. Here it is 
useful to look again at Example 1.1 of Unit 1. 

We began with the following program. 

1 .7(2,3,5) 

2 S( 1) 

3 5(3) 

4 J(l,l,l) 

We found that the trace table for the computation using this program, with 
input (7,2), is as follows. 


Stage 

Instruction 

Ri 

R 2 

Rs 

0 

1 

7 

2 

0 

1 

2 

7 

2 

0 

2 

3 

8 

2 

0 

3 

4 

8 

2 

1 

4 

1 

8 

2 

1 

5 

2 

8 

2 

1 

6 

3 

9 

2 

1 

7 

4 

9 

2 

2 

8 

1 

9 

2 

2 

9 

5 

9 

2 

2 


You will notice that we have modified the trace table as given in the original 
example in two ways. First we have added an extra column headed ‘Stage’ 
which we use to count the rows in the table. Thus each stage corresponds to 
carrying out one instruction. Second we have labelled the instruction at 
stage 9 with a 5 rather than labelling it with ‘STOP’ as we did earlier. Of 
course these labels amount to the same thing: the program has only 
4 instructions so, when at stage 8 it carries out instruction 1 and jumps to 
the non-existent instruction 5, this is the same as the computation stopping. 

Note that the initial stage is labelled 0, so stage t is reached after 
t instructions have been carried out. The state, or situation , of the 
computation at each stage is fully described by a sequence of numbers, the 


first of which is the number of the instruction about to be carried out and 
the remainder are the numbers stored at that stage in the registers used by 
the program. This row of numbers can be coded using primp powers in the 
same way as we coded sequences in Unit 2. 

Suppose that, at a given stage, the number of the instruction to be carried 

out is a and the numbers in the registers used by the program are 

n,r 2 , -. •,r*b. We then say that the situation at that stage is coded by the 

number 


s = P1P2P3 ■ ■ - Pb+i 

where, as before, pj is the jth prime number. We call s the situation number 
at that stage. 

Example 2.6 

We add, to the trace table given above, the situation number at each stage 
of the computation. 


Stage 

Instruction 

Ri 

R 2 

r 3 

Situation number 

0 

1 

7 

2 

0 

2 1 3 7 5 2 7° 

= 109 350 

1 

2 

7 

2 

0 

2 2 3 7 5 2 7° 

= 218 700 

2 

3 

8 

2 

0 

2 3 3 8 5 2 7° 

= 1312 200 

3 

4 

8 

2 

1 

2 4 3 8 5 2 7 1 

= 18370 800 

4 

1 

8 

2 

1 

2 1 3 8 5 2 7 1 

= 2296 350 

5 

2 

8 

2 

1 

2 2 3 8 5 2 7 1 

= 4592 700 

6 

3 

9 

2 

1 

2 3 3 9 5 2 7 1 

= 27 556200 

7 

4 

9 

2 

2 

2 4 3 9 5 2 7 2 

= 385 786 800 

8 

1 

9 

2 

2 

2 1 3 9 5 2 7 2 

= 48223 350 

9 

5 

9 

2 

2 

2 5 3 9 5 2 7 2 

= 771573 600 


Problem 2.9 - 

Let P be the following URM program. 

1 7 ( 1 , 2 , 5 ) 

2 5(2) 

3 5(3) 

4 J(l,l,l) 

5 C(3,1) 

Write down the trace table for the computation using the program P with 
input (4,2) and calculate the situation number at each stage of the 
computation. 


If we know the situation number at a given stage of a computation then we 
can determine the number of the instruction to be performed and the 
contents of the registers at this stage. Recall from Unit 2 that if n.j are 
positive integers and n > 2 then (n)j is the exponent of the jth prime pj in 
the prime decomposition of n, if pj appears in that decomposition, and is 0 
otherwise. Now suppose that the situation number at some stage of a 
computation is s. Then the number a of the instruction to be performed at 
this stage is given by a = (s)i: that is, the exponent of p\ = 2 in the prime 
factorization of s. Also the content of register R c is (s) c +i- In particular, 

since the function (n, j) 1 —> ( n)j is primitive recursive, the number a of the See Theorem 3.8 of Unit 2. 
instruction to be performed and the contents of the registers may be 
calculated from s using a primitive recursive function. 

The situation number s will depend on the particular URM program that we 
are using, the numbers we are using as input and the stage in the 
computation we have reached. We have already seen in Section 2 of Unit 2 
how to code URM programs by numbers. Recall that we use q(P) for the 
code number of the URM program P. Not every number codes a URM 
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program, but we saw in Theorem 3.10 of Unit 2 that the set Prog of code 
numbers of URM programs is primitive recursive. We should also recall that 
a given URM program will compute different functions according to how 
many variables we allow as inputs. We are led to consider, for each positive 
integer k, the function 

S k : ^ fc+2 —* N 


defined as follows: 


S k (e,n 1 ,n 2 ,. ..n k ,t) 


' the situation number at stage t 
of the URM computation using 
< the URM program P with input 
(ni,n 2 ,...,n fc ), if 7 (F) = e, 

.0, if e does not code a URM program. 


Our aim is to show that this function S k is primitive recursive, but we have 
to deal with one small technical problem. If S k is to be a primitive recursive 
function then it must be a total function: that is, it must be defined for all 
values of e, n \, n 2 , ■ ■ ■, n k , t e N. If, however, a given computation halts, 
then t can take only a finite number of values. For example, in the trace 
table above we have stages 0 to 9 only. Of course if the computation does 
not terminate then Sk(e, ni, n 2 ,..., n k , t) is defined for all t e N. We get 
over this difficulty in a natural way. If a computation terminates, then we 
suppose that it remains in its final situation thereafter. Thus, if the 
computation terminates at stage to, then we put 
S k {e,ni,n 2 , ...,n k ,t) = S k (e,ni,n 2 ,.. .,n k ,t 0 ) for all t > t 0 . 


Example 2.7 

Let e be the number which codes the URM program of Example 2.6. Then 
from the situation numbers which we calculated in that example we see that, 
for example, 

S 2 (e, 7,2,0) = 109 350, 

S 2 (e,7,2,4) =2296350, 

S 2 (e, 7,2, t) = 771573 600, for all t> 9. + 


Problem 2.10 __ 

Let e be the number which codes the URM program of Problem 2.9. Give 
the values of the situation numbers S 2 (e,4,2,0), S 2 (e, 4,2,9) and 
S 2 (e, 4,2,100). 

Problem 2.11 ___ 

Let 

e = 2 281252 3 12 5 12 7 18 li 32 i3 25 
Calculate the values of Si(e, 4, t) for 0 < t < 20. 


In your calculations you will have noticed that, from the situation number at 
a given stage, the situation number at the next stage is easily obtained. We 
exploit this in our proof of Theorem 2.5, which shows that S k is a primitive 
recursive function and which has profound consequences. 

Preamble to Theorem 2.5 

Suppose that e codes a URM program P and S k (e, m, n 2 ,..., n k , t ) is the 
situation number at stage t of a computation using the program P with 
input (ni, n 2 ,..., n k ) and suppose that the computation has not halted 
at this stage. From e and S k {e,n\,n 2 ,... ,n k ,t) we can extract the 
information needed to compute S k (e, rq, n 2 ,..., n k . t + 1). 


The number a of the instruction to be performed at stage t is given by 
a — (Sk (e, rii, n 2 , ■ ■ ■, nk , t)) i: that is, the highest power of 2 that divides 
Sk(e, ni, ri 2 ,..., rik,t). Moreover the code number c of the instruction a is 
the highest power of p a which divides e: that is, c = (e) a . Thus, from the 
code number c, we can determine the nature of the instruction to be 
performed at stage t. Since we can extract from 5fc(e,ni,n 2 ,... ,nk,t) the 
contents at stage t of the registers used by P, we can then determine the 
situation number Sfc(e, m, n 2 ,..., nk,t + 1) at stage t + 1. These 
considerations suggest that Sk can be defined by primitive recursion. 


Theorem 2.5 

For each k > 1, the function Sk is primitive recursive. 


Proof 

We shall show that the function is primitive recursive by showing, as 
suggested in the preamble to the theorem, that it can be defined by 
primitive recursion. 


The first equation in the primitive recursive definition is easily obtained. At 
stage 0 we are about to carry out instruction number 1 with the input 
numbers m, n 2 ,..., nk in the first k registers. So the situation number does 
not depend on the particular program and we have 


Sk{e,ni,n 2 ,...,n k ,0) 


2 1 3" 1 5" 2 .. -Pk+i, if e € Prog, 
0, otherwise, 


where Prog is the set of code numbers of URM programs. Prog is a primitive 
recursive set ( Unit 2, Theorem 3.10), hence using results from Unit 2 we can 
deduce that the relations defining the cases are primitive recursive. 
Furthermore, using other results from Unit 2 we can deduce that the 
functions given by the formulas 2 1 3” 1 5” 2 . --Pk+i and 0 on the right-hand 
side are primitive recursive. Therefore, by Theorem 1.5 of Unit 2, the 
function defined by cases giving the values of Sfc(e, n\, n 2 ,... , rife, 0) is 
primitive recursive. 

Now we have to think about the recursion equation. In other words we have 
to express Sk{e, n\,n 2 , ■ ■. ,nk,t + 1) in terms of e, ni, n 2 ,... ,nk,t and 
Sk(e, ni, n 2 ,..., rifc, t) using known primitive recursive functions. The 
preamble indicates that we can calculate Sk(e, n\,n 2 ,..., rik, t + 1) from e 
and Sk(e,ni,n 2 ,..., nk,t) in the case e € Prog. It is not difficult to use this 
idea to provide the recursion equation but it is technically complicated, as we 
need to consider a number of cases, and so we shall not give all the details. 


In particular, we use the facts that 
the functions mult and exp are 
primitive recursive, and that the 
function p which enumerates the 
prime numbers is primitive 
recursive (Unit 2, Theorem 3.6). 


The recursion equation will be defined by cases (Section 1 of Unit 2). We 

have six different cases to consider. 

(i) e does not code a URM program. 

(ii) e codes a URM program and the computation halts at stage t or earlier. 

(iii) e codes a URM program and the instruction to be carried out at stage t 
is a Zero instruction. 

(iv) e codes a URM program and the instruction to be carried out at stage t 
is a Successor instruction. 

(v) e codes a URM program and the instruction to be carried out at stage t 
is a Copy instruction. 

(vi) e codes a URM program and the instruction to be carried out at stage t 
is a Jump instruction. 


These cases are clearly mutually exclusive and exhaustive. 
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The first step is to check that each of these cases corresponds to a primitive 
recursive relation. 

(i) The set Prog of code numbers of URM programs is primitive recursive, 
so its complement is also primitive recursive (Unit 2 , Theorem 1.2). 

Hence (i) is a primitive recursive relation. 

(ii) From the definition of situation numbers we see that, if a computation 
halts at stage t or earlier, then the number of the instruction to be 
carried out at stage t is greater than the number of instructions in the 
program. The number of instructions in the program with code 

number e is len(e), where len is the primitive recursive function which See Unit 2, Subsection 3.2. 

gives the length of a sequence coded by a number. Also, from the 

preamble, the instruction to be carried out at stage t is 

(5fc(e, rii, n 2 ,... f))i, which is obtained from S k (e, n\, n 2 ,... ,n k , t) 

using the primitive recursive function ( n,j ) i—> (n)j. Hence relation (ii) 

can be expressed as 

e G Prog and (S k (e, n x , n 2 ,..., n k , f)) x > len(e). 

The set Prog and the relation > are both primitive recursive and we saw 
in Problem 1.10 of Unit 2 that the conjunction of two primitive 
recursive relations is also primitive recursive. Hence (ii) is a primitive 
recursive relation. 

(iii) In the preamble we saw that the number of the instruction to be carried 
out at stage t is (S k (e,ni,n 2 ,... ,n k ,t))i and that the code number of 
this instruction is (e) a where a = (S k (e,ni,n 2 , ...,n*, t))i- We saw in 
the proof of Theorem 3.9 of Unit 2 that the set Zinstr of code numbers 
of Zero instructions is primitive recursive. Now relation (iii) can be 
expressed as 

e G Prog and a < len(e) and (e) a G Zinstr 

where a — ( Sk(e , n x , n 2 ,..., n k , i))i. From this we can deduce that it is 
a primitive recursive relation. 

Cases (iv), (v) and (vi) can be treated in a similar way to case (iii), 
replacing Zinstr by the primitive recursive sets Sinstr, Cinstr and Jinstr of 
code numbers of Successor, Copy and Jump instructions respectively. Thus 
relations (i)-(vi) are all primitive recursive. 

Now we turn our attention to showing how, in each of these cases, the value 
of 5fe(e,ni, n 2 , ■.. ,n k ,t + 1) can be obtained from e, n\,n 2 ,... ,71*,, t and 
S k (e, ni, n 2 ,. ■ ■, n k , t) using known primitive recursive functions. We give 
the full details for cases (i), (ii) and (iv). 

(i) If e does not code a URM program then the situation number is always 
zero and we have 

S k (e,n 1 ,n 2 ,...,n k ,t+ 1) =0. 

(ii) We have adopted the convention that, once the computation has halted, 
the value of S k does not change. So if the computation halts at stage t 
or earlier then 

S k {e,ni,n 2 ,...,n k ,t+ 1) = S k (e, ni,n 2 ,... ,n k , t). 

(iv) Suppose that e codes a URM program and the instruction to be carried 
out at stage t is a Successor instruction. From the preamble, we know 
that the code number c of the instruction to be performed at stage t is 
given by c = (e)„ where a = ( S k (e,ni,n 2 ,.. .,n k ,t)) 1 . Now suppose that 
the instruction is S(n) so that its code number is 6n. Then c = 6n so 

n ~ quot(c, 6), where quot is primitive recursive (Unit 2, Example 1.10). 

The effect of this instruction is to add 1 to the number in register R n . 

This corresponds to increasing the exponent of p n +i in the situation 
number by 1 and this is achieved by multiplying S k (e, n x , n 2 ,..., n k ,t) 
by p n +i, where the function p which enumerates the prime numbers is 
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primitive recursive ( Unit 2 , Theorem 3.6). Also, since the instruction to 
be carried out at stage t is a Successor instruction, the instruction 
number at stage t + 1 is a + 1, so the factor 2“ in the situation number 
at stage t is replaced by 2° +1 in the situation number at stage t + 1. 
Thus we have 

S fc (e, 77 1 , 72-2, ■ • - , 77fc, f T 1) — 2x Pn -}-l X Sk (e, 77 1 , 77-2, • • • , 77 , f ) 

where n = quot(c,6), c = (e) 0 and a = (Sk(e, 771 , 772 , ■ ■ .,rik,t)) 1 . This is 
the required expression for Sk(e, ri \, ri 2 , ■ ■ ■, n^, t + 1) obtained by 
substitution from known primitive recursive functions. 

The proofs for cases (iii), (v) and (vi) are similar to that for case (iv) but 
the details are a little more complicated and so we omit them. Thus, in each 
case, the value of Sk(e, m, ri 2 , ..., rife, t + 1) can be obtained from 
e, ni, 772, ■ • •, Tifc, t and Sfc(e, T7i, 7i 2 ,..., nk,t) using known primitive recursive 
functions. 

Therefore, by Theorem 1.5 of Unit 2, we can conclude that the function 
defined by cases giving the values of 5fc(e, 77i, 772 ,..., 77*, t + 1) is primitive 
recursive. 

Hence, Sfc is defined by primitive recursion from functions known to be 
primitive recursive. It follows that Sk is a primitive recursive function for 
all k > 1. ■ 

Theorem 2.5 is of the greatest importance. It is the key to the proof that all 
URM-computable functions are recursive. 


2.3 URM-computable functions are recursive 

Theorem 2.5 tells us that there is a primitive recursive function which 
describes each given URM computation. To extract from this the values of 
the function we are computing, all we need to do is search for a stage at 
which the computation has halted and then extract the output, which is the 
number in register Ri. The search for a stage at which the computation has 
halted can, as we have already hinted, be carried out by minimization. So 
we have now assembled all the ingredients we need for a proof of the 
following theorem. 


Theorem 2.6 

Every URM-computable function is recursive. 


Proof 

Let / : M be a URM-computable function. Then, by hypothesis, 

there is a URM program which computes /. Let P be the URM program 
with smallest code number that computes / and let e be the code number 
of P. We consider the function g : —> N given by 

5 ( 771 ,772,..., 77 fc ) ~ pt ((Sfc(e,T7i,77 2 ,...,n fc ,t)) 1 > len(e)). (2.3) 

Recall that Sk is the primitive recursive function such that 

Sfc(e, ni, 772 , • • •, 77fc, t) is the situation number at stage t of the computation 

using the program P with input (ni, 772 ,...,rife). The number 

(5fc(e, 77 i, 772 ,..., 77 fc, t))j is that of the instruction to be carried out at 

stage t and len(e) is the number of instructions in the program P. Thus the 

inequality 

(5 /s (e, 77 1 ,77 2 ,...,77fc,f)) 1 > len(e) 


We invite you to provide the proof 
for case (vi) in Additional 
Exercise 7 for this section. 


Using earlier notation, / is the 
function fp and the code number e 
is 7 (P). 
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expresses the fact that at stage t the computation has halted. So the value 
of g(ni,n,2 ,..., n k ) is the number of the first stage at which the computation 
has halted, if there is one, and is undefined otherwise. Furthermore, since 
the functions involved in the inequality are all primitive recursive and the 
relation > is primitive recursive, it follows that the inequality expresses a 
primitive recursive relation on e, rii,n 2 ,...,n*, t. Thus g is a recursive 
function, since it is obtained by minimization on a recursive relation. 

It follows that the function h:N k —> fd given by 

h(ni,ri2 ,... ,rifc) « S k {e,ni,Ti2,... ,n k ,g(ni,n 2 ,... ,n k )) ( 2 . 4 ) 

is recursive, since it is obtained from known recursive functions using 
substitution. Now /i(ni, n 2 ,..., n k ) is defined if and only if the computation 
halts and gives the value of the situation number when the computation has 
halted. The output of the computation, which gives the value of /, is then 
the number in register R\. But the number in register R\ is the exponent of 
P2 = 3 in the expression of the situation number h.(n \, 712,..., n k ) in the 
form PiP^'p ^ 2 ■ ■ -p r k ■ Thus the function / is given by 

f(ni,n 2 ,...,n k ) » (/i(m,n 2 ,... ,n k )) 2 ■ ( 2 . 5 ) 

It follows that / is a recursive function, since it is obtained by substitution 
from known recursive functions. ■ 

We shall have a good deal to say about the consequences of this theorem. 

We note first that if we put equations ( 2 . 3 ), ( 2 . 4 ) and ( 2 . 5 ) together, we 
obtain the following formula for the values of / 

f(ni,n 2 ,... ,n k ) ss (Sfc(e,ni,n 2 , ...,n k ,pt ((S k (e,ni,n 2 ,... ,n k ,t)) 1 > len(e )))) 2 . 

Next note the following remarkable fact. This formula works for every 
recursive function of k variables. The only thing that changes as we vary the 
function / is the number e. We say that the formula gives a normal form for 
recursive functions. 

It is possible to simplify the formula in a certain way which we now explain. 

As it is, the value of g(ni, n 2 ,..., n k ) which is obtained by minimization has 
to be substituted back into the function S k to obtain the situation number 
from which we extract the output value. We can simplify this if, instead of 
simply searching for a number which gives a stage by which the computation 
has halted, we search instead for a number which encodes not only the stage 
number at which the computation halts but also the output number. This 
idea leads to a particularly simple normal form for recursive functions which 
we state in Theorem 2 . 7 , which is called Kleene’s Normal Form Theorem. 

Preamble to Theorem 2.7 

Suppose that e codes a URM program P which computes a function / and Again, e is j(P) and / is the 

that the computation using the program P with input (rij , n 2 ,..., n k ) halts function f%. 

at stage t 0 with output q so that f(ni,n 2 ,..., n k ) = q. Then, since the 
computation halts at stage to, 

( 5 fc (e,ni,n 2 ,.. .,n k ,t 0 ))i > len(e) 

and since the output is q 

(S k (e, ri \, 7 t 2 , • • •, Ti k , to )) 2 = 

If we put zo = 2 q 3 to then (z 0 ) 2 = t 0 and fy 0 )i = q. Thus 
( 5 fc (e,ni,n 2 , ...,n k , (z 0 ) 2 ))i > len(e) 

and 

(20)1 = (S fc (e,ni,n 2 ,...,n fc ,(2 0 ) 2 )) 2 . 

Moreover 20 is the smallest integer with these properties and 
f(ni,n2,...,n k ) = q = (20)1. 


That 20 is the smallest such integer 
follows from (20)2 = to being the 
stage at which the computation 
halts. 
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Theorem 2.7 Kleene's Normal Form Theorem 

For each integer k > 1, there is a primitive recursive (k -f 2)-place 
relation T k and a primitive recursive function U : N —> N such that a 
partial function f :N k —> FJ is recursive if and only if, for some 
natural number e and all (ni, n 2 ,... ,n k ) € fd fc , 

f(ni,n 2 ,...,n k ) « U{fj.z T k (e, ni,n 2 ,..., n k , z)). (2.6) 


Proof 

Motivated by the preamble to the theorem, we let T k be the relation defined 
as follows: 

T k (e,ni,n 2 ,... ,n k ,z) 4=k (S k (e,rn,n 2 ,...,n k ,(z) 2 )) 1 >len(e) 

and ( 2)1 = (5 fc (e,ni,n 2 , ...,n k , (z) 2 )) 2 

Then T k is a primitive recursive relation. Also we take U : N —> bJ to be the 
primitive recursive function given by U(z) = (z)i. 

Let / be a recursive function. / is URM-computable (by Theorem 2.4) and 
hence there is some URM program which computes /. Let P be the URM 
program with smallest code number that computes / and let e be the code 
number of P. 

Suppose that /(ni,n 2 ,... ,n k ) is defined. Then, from the preamble to the 
theorem, we can deduce that jiz T k (e, n\, n 2 ,... n k , z) is defined, and if 
z 0 = nz T k (e, ni,n 2 ,.. .,n k ,z) then (z 0 )i = f{ni,n 2 ,...,n k ), that is 
U(zo) = f{ni,n 2 ,... ,n k ). Hence 

f(ni,n 2 , ..., n k ) = U{/j,z T fc (e,ni,n 2 ,... ,n k ,z)) 

as required. 

On the other hand, if n 2 ,..., n k ) is undefined then the computation 
using the program P with input (ni, n 2 ,... n k ) does not halt. Hence there is 
no z such that T k {e,n\,n 2 ,... ,n k , z) and so TJ(h z T k (e,ni,n 2 ,.. .,n k ,z)) is 
undefined. 

Thus 

/(m,n 2 ,... ,n k ) « U(fiz T k (e,ni,n 2 ,... ,n k , z)). 

Conversely a partial function obtained in this way, by substitution and 
minimization from a primitive recursive function U and a primitive recursive 
relation T k , is recursive. ■ 

Kleene’s Normal Form Theorem has three immediate and rather surprising 
consequences. 

First, recall that the definition of a recursive function may involve any finite 
number of minimizations, and that we have allowed minimizations applied 
to partial functions. Also, remember that HV P( n i, n 2 , ■ ■ ■, n k , y) is 
equivalent to py (M(Xr( u i j n 2 , ■ ■■ ,n k ,y)) = 0), where sg°XR is a total 
function. Now consider formula (2.6) in the statement of Kleene’s Normal 
Form Theorem, which we can rewrite as 

f{ni,n 2 ,...,n k ) «f/(/xz sg(Xr*(e,rii,n 2 ) ...,nfc,z)) = 0). 

The relation T k is primitive recursive, and so therefore is its characteristic 
function Xr k ■ We k n ow from Unit 2 that sg is primitive recursive. Also the 
function U is primitive recursive. Hence Xr k > sg and U can be defined 
without using minimization. Thus the only minimization involved in 
obtaining the values of / from (2.6) is the one explicitly exhibited in 
formula (2.6). So we have proved the following theorem. 



The American mathematician 
Stephen Kleene (1909-1994) was 
one of the great pioneers of the 
theory of recursive functions. 
(Photo courtesy of the University 
of Wisconsin-Madison Archives) 


Unit 2, Example 1.6. 
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Theorem 2.8 

Each recursive function can be obtained from the basic primitive 
recursive functions using substitution, primitive recursion and at most 
one minimization on a function. Moreover the minimization is applied 
to a total function. 


The second surprising consequence of Kleene’s Normal Form Theorem comes 
from reinterpreting it as being about URM-computable functions. This is 
legitimate since we know that URM-computable functions are recursive and 
vice versa (Theorems 2.4 and 2.6). For consider the function 
4>fc : N*' +1 —> M given by 

$fc(e,ni,7i 2 , ■ • • ,n k ) « U{pz T k (e,n 1 ,n 2 ,... ,n k ,z)) 

where T k and U are as in Kleene’s Normal Form Theorem. Then this 
theorem can be reformulated in terms of URM-computable functions as 
follows. 


Theorem 2.9 Universal URM-computable functions 

For each integer k > 1, there is a URM-computable function 
<f>fc : N fc+1 —> N such that for each URM-computable function 
f :N k —+ M there is a natural number e such that, for all 
(ni,n 2 , ...,n k )e N k , 

f(ni,n 2 ,...,n k ) « $ fc (e,ni,n 2 ,... ,n k ). 


We say that the function <l> k given by this theorem is universal for 
URM-computable functions of k variables because, as the theorem states, 
given <f>fc we can obtain all URM-computable functions of k variables by 
allowing the value of the first variable of <P k to vary through the natural 
numbers. One can think of a corresponding URM program P computing 
as giving us a universal machine computing all URM-computable functions 
of k variables. 

In Subsection 1.1 we gave a diagonal argument which showed that there are 
more URM-computable functions than just those that are primitive 
recursive. This argument hinged on the use of a function of two variables 
4>: M 2 —> N such that, for all m,n &N, 

{ f(n), if m codes a definition of the primitive 
recursive function / : P4 —> N, 

0 , otherwise. 

As this looks very similar to the definition of the universal function dq, you 
might think that a similar diagonal argument ought to be applicable here. 
However, if such a diagonal argument did work, it would imply that there 
are URM-computable functions which are not recursive, contradicting 
Theorem 2.6. We shall now show why such an attempt at a diagonal 
argument fails in this case, where we attempt to argue as in Subsection 1.1. 

By Theorem 2.9, we have a URM-computable function <lq : P4 2 —> qj such 
that for each URM-computable function / : N —* bl there is a natural 
number e such that, for all n G N, 

/(n) « $i(e,n). 

Now suppose the function g is obtained from 4q by putting 

g(n) « $i(n,n) + 1. (2.7) 


The work of this and the previous 
unit actually gives us a 
(complicated!) recipe for 
constructing a suitable URM 
program P for this universal 
machine. Theorem 2.5 plays a 
central role in this. 


A similar argument applies for each 
■Ffe, where k is a positive integer. 
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Then g is URM-computable and so there is a natural number eo such that, 
for all neM, 

g(n) ss $i(e 0 ,n). 

Hence 

g(e 0 ) « $i(e 0 ,e 0 ) 
whereas from (2.7) 

g(e o) ~ ^i(eo, eo) + 1 

From (2.8) and (2.9) we obtain 

^(eo,eo) ~ ^i(eo,eo) + 1. (2-10) 

At first sight, we seem to have obtained the standard sort of contradiction 
that arises from a diagonal argument. However, <f>i is a partial function, so 
all that (2.10) tells us is that either both sides are defined and they are 
equal or neither side is defined. The first alternative is impossible, so we are 
left with the harmless conclusion that <f>i(eo,eo) is not defined, rather than 
that there is a URM-computable function which is not recursive. 

Our third consequence of Kleene’s Normal Form Theorem comes from its 
reformulation in terms of URM programs. 


( 2 . 8 ) 

(2.9) 


Theorem 2.10 Universal URM programs 

For each integer k > 1, there is a URM program P k such that, for each 
URM program P, there is a natural number e such that, for all 
(m,n 2 ,... ,n k ) E the computation using the program P k with 
input (e, ni, n 2 ,..., n k ) has the same output as the computation using 
the program P with input (m,n 2 ,... ,n k ). 


We say that P k is a universal program for URM computations with k inputs. 
The significance of this theorem is that P k acts as an all-purpose program, 
since, by suitable choices of the input e in register R\, computations using 
this program will mimic the behaviour of any other program. 

In an idealized way, this corresponds to a modern computer capable of 
storing and running programs with input data. At a certain level within 
such a computer, a program is represented in machine code, which looks like 
a (doubtless huge!) binary number e; likewise the input data can be 
regarded as an ordered fc-tuple of binary numbers for an appropriate k. The 
computer’s central processing unit will then run any program with any input 
data, subject to physical constraints on the storage space required for the 
program and data (which don’t apply to a URM). This behaviour of modern 
computers is now a commonplace (and of course impressive) feature of 
modern technology. This makes the devising of the theoretical idea of a 
universal program or machine by Alan Turing in 1936, before the 
development of this technology, all the more impressive. The relationship 
between the modern view of what is computable and URM-computability is 
the subject of the next section. 
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3 SCOPE AND LIMITS OF 
COMPUTABILITY 


In Section 2 we saw that the set of URM-computable functions is the same 
as the set of recursive functions. In this section we shall see that, 
irrespective of how computability is defined, the set of computable functions 
is the same as the set of recursive functions. The key to this is Church’s 
Thesis, which we discuss in Subsection 3.1. Then, in Subsection 3.2, we 
explore how the idea of computability relates to the concept of decidability. 


3.1 Church's Thesis 


We began the course by asking the question ‘What is an algorithm?’. We 
chose to answer this question by looking at a seemingly simple model of 
computing in terms of URMs. We have now shown that URMs are much 
more powerful than they first appeared. However, the question now arises as 
to whether URM computations provide an adequate model of all algorithmic 
computations, or whether there are functions which we would recognize to 
be algorithmically computable using more powerful methods but which are 
not URM-computable. 

This question first arose in the 1930s when recursive functions began to be 
studied. We give below a brief, and necessarily simplified, history of the 
origins of the subject. It must be remembered that, at that time, digital 
computers did not exist and an algorithm was thought of as a computational 
procedure which could be carried out mechanically by a human being. 
Indeed, at that time ‘computer’ meant a person who carried out such 
calculations. 

The idea that the notion of an algorithmically computable function should be 
identified with that of a recursive function was first put forward by Alonzo 
Church. (In setting forward this proposal, Church used the term effectively 
calculable where we have used algorithmically computable.) This proposal 
became known as Church’s Thesis and for the record we set it out below. 


Church’s Thesis 

The notion of an algorithmically computable function coincides with 
that of a recursive function. 


The first thing to note is that this thesis has the status of a philosophical 
theory rather than that of a mathematical theorem. We gave precise 
definitions of the notions of a URM-computable function and a recursive 
function. Because we had precise definitions, we were able to give a proof 
that, in fact, the two notions coincide. Church’s Thesis, on the other hand, 
proposes to identify the precise mathematical notion of a recursive function 
with the intuitively understood concept of an algorithmically computable 
function. In the absence of a precise definition of the latter notion, we 
cannot expect to have proof of the equivalence of the two notions. The most 
we can hope for is to have good reasons for accepting the thesis. We present 
some of these reasons below. Church’s Thesis is now generally accepted, but 
a few people might not even accept that it makes sense, as they would not 
allow that mathematics can deal with informal concepts of any kind. For 
them, mathematics is the study of formal systems. This view, which we call 
strict formalism , must be contrasted with the view that ideally mathematics 
should be presented as a formal system, and with the idea, which we have 
attributed in Unit 1 to Hilbert, that by studying such formal systems the 
consistency of all, or part, of mathematics might be established by 
non-dubious methods of finitary reasoning. 



The American mathematician 
Alonzo Church (1903-1995) did 
work of major importance in logic 
and the theory of recursive 
functions. He created the lambda 
calculus (of which more later) 
which has become a valuable tool 
for computer science. He made his 
proposal in a paper which he 
published in 1936 but which was 
based on a talk that he had given 
to the American Mathematical 
Society a year earlier. (Photo © 
the estate of Alonzo Church) 
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We turn our attention now to the reasons why Church’s Thesis is generally 
accepted, which we classify under four headings. 


(1) Turing's analysis of a computation 

It is anachronistic to put this reason first because Turing’s work had not 
been published at the time at which Church stated his thesis. However, we 
have put it first since, from a philosophical point of view, it provides the 
most compelling support for Church’s Thesis. Indeed, Kurt Godel 
(1906-1978), the logician whose works form the focus of the remaining units 
of the Mathematical Logic part of this course, and who was himself 
influential in developing ideas about recursive functions, did not accept 
Church’s Thesis until he saw Turing’s work. The point is that Turing 
analysed very carefully what is involved in an algorithmic computation, and 
the theoretical machines which he devised, now called Turing machines, are 
based on this analysis. The functions computed by such machines coincide 
with the recursive functions. Because of the influence of Alan Turing’s work 
in this area, the thesis is often called the Church-Turing Thesis. 


(2) The equivalence of different characterizations of 
'computable functions' 

We have proved that seemingly different notions, that of a URM-computable 
function and that of a recursive function, turn out to be equivalent. URMs 
were not devised until long after Church stated his thesis. But, in the 1930s, 
a number of very different approaches were taken to the problem of 
characterizing algorithmically computable functions, and it is very striking 
that they all turned out to be equivalent. We list these different approaches 
here, with a brief description of them and a little of their history. 


(a) The Godel-Herbrand-Kleene notion of a general recursive function 

Definitions of functions using substitution and recursion had been used 
earlier, but it was in Kurt Gddcl’s famous paper of 1931 that the primitive 
recursive functions , defined as in Unit 2, were first singled out. Godel 
observed in his paper that the primitive recursive functions are computable 
(though this is not the term he used) — he did not introduce them for this 
reason, but instead because they played a technical role in his paper, as we 
describe in later units. 


In the 1931 paper Godel called 
them ‘recursive functions’; the 
terminology changed later. 


In 1934 Godel gave a series of lectures on his work at Princeton. The notes 
of these lectures were written up by Stephen Kleene, whom we have already 
mentioned, and J. Barkley Rosser (1907-1989), who subsequently produced 
a strengthening of Godel’s main theorem. In these lectures Godel introduced 
the idea of what he called general recursive functions , but which we now 
know simply as recursive functions. These were obtained from the primitive 
recursive functions using an idea which had been suggested to Godel by the 
French logician Jacques Herbrand (1908-1931) who was tragically killed in a 
climbing accident when he was only 23. Essentially, Herbrand’s idea was to 
add minimization as an additional process for generating functions. However, 
at this stage it was formulated in a rather different way, involving systems of 
equations used for deriving values of functions. It was not until Kleene 
published his Normal Form Theorem that it became more usual to regard 
this third process of minimization as we have done. Indeed, the notion of 
recursive functions as being generated by operations on functions (which is 
our approach) and as functions whose values can be derived in an equation 
calculus (which was the earlier approach) could be regarded as giving two 
distinct characterizations of the same class of functions. The proof that the 
two approaches lead to the same class of functions is not entirely trivial. 
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(b) Church's lambda calculus 


Alonzo Church developed the lambda calculus originally as a general system 
for deriving theorems about numbers. His system was later shown to be 
inconsistent, but he was able to rescue from it the part of the system dealing 
with definitions of functions. The starting point is that in everyday 
mathematics it is hard to distinguish, for example, the function x 2 from the 
value of this function for an unknown x. These days, if we want to be 
precise we use arrow notation such as x i—> x 2 for the function. Church’s 
notation was different but equivalent. He used Xx[x 2 } and expressions of this 
type are called lambda terms. He introduced rules for building lambda terms 
and for converting one lambda term into another. For example, Ax[x 2 ](3) 
converts into 3 2 , corresponding to the fact that the squaring function 
applied to the number 3 produces the value 3 2 . However, we emphasize that 
lambda terms are to be thought of as strings of symbols, rather than as 
numbers or functions. Numbers are represented by particular lambda ter ms 
and a function / : N —> M is said to be lambda-definable if there is a lambda 
term f such that, for all m, n G N, the lambda term f(m) converts into the 
lambda term n if and only if f(m) = n, where m and n are the lambda 
terms corresponding to the numbers m and n. With the help of Kleene, 
Church was able to prove that the class of lambda-definable functions 
coincides with the class of recursive functions. More recently the lambda 
calculus has proved to be useful in studying the semantics of program ming 
languages. 

(c) Turing machines 

These were described in the Appendix to Unit 1. Turing did his work 
without originally knowing about the alternative approaches mentioned 
above. However, he learned of this other work before publishing his paper in 
1936 on what we now know as Turing machines and, at the end of the paper, 
he sketched a proof that his notion of a computable function is equivalent to 
Church’s concept of a lambda-definable function. Because of its simplicity 
and the convincing nature of Turing’s analysis of a computation, Turing’s 
approach remains the paradigm for a formal characterization of computable 
functions. 

(d) Post systems 

Emil Post (1897 1954), independently of Turing but at about the same time, 
arrived at an approach to computable functions quite close to Turing’s 
conception. Turing machines manipulate symbols on a tape. For Post, a 
computation consisted of manipulating strings of symbols according to 
specific rules called production rules. A Post system consists of a finite set of 
initial strings and a finite set of production rules for transforming one string 
of symbols into another. 

For example, if we start from the initial string 

/1 = 1 

and use the production rule 

fA = B —► f A\ = BAA\ 

where A, B can be any strings, then we can successively derive the strings 
/U = llll 
/ 111=111111111 
and so on. 


lambda is the Greek letter A. 

The inconsistency caused Kleene to 
rewrite his own PhD thesis. 
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If, for integers n > 1, we use n as an abbreviation for the string consisting of 
n consecutive Is, we see that the initial string and the strings we can derive 
from it can be written as 

/1 = 1 

/ 2 = 4 

/ 3 = 9 

and so on; that is, we can derive all the strings which express correctly the 
values of the function n i—> n 2 . A function is said to be Post-computable if 
there is a finite set of initial strings and a finite set of rules such that the 
strings we can derive are precisely those expressing the correct values of the 
given function. Again, it is possible to show that the class of 
Post-computable functions coincides with the class of recursive functions. 

Post systems fit in very naturally with algebraic manipulations. For 
example, if you are familiar with the notion of an element g of a group 
having order 3, you will see that this corresponds to the production rule 

AgggB —+ A B 

for manipulating strings of symbols corresponding to group elements. Post 
used these methods to derive results about computability in semigroups and 
these ideas have been subsequently extended to groups. Production rules 
also play a role in transformational grammars in the style of Chomsky. 

It is very striking that all these different attempts to give a characterization 
of the notion of a computable function have led to exactly the same class of 
functions. This supports the idea that they are all successful in providing a 
formal definition of a natural informal notion. It seems implausible that 
everyone has made the same mistake! 


(3) The stability of these notions 

This reason for accepting the truth of Church’s Thesis is closely related to 
the previous one. In each case, attempts to vary the definition by seemingly 
strengthening it in some way have not led to a larger class of functions. For 
example, it is possible to formulate Turing machines so that they operate on 
a two-dimensional array of squares rather than a one-dimensional tape. 
However, it is possible to prove that this has no effect on which functions are 
computable, though it may make some computations easier. 

Likewise, it is possible to vary the set of basic instructions for URMs. If the 
instruction set is too small, it may no longer be possible to compute all 
recursive functions. For example, if Successor and Jump instructions are 
omitted, there are very few functions that can still be computed. No one, 
however, has found extra acceptable instructions which increase the set of 
functions which then become computable. 

We indicated informally in Section 1 how the diagonal method can be used 
to produce a URM-computable function which is not primitive recursive. In 
Section 2, we explained why it is not possible to apply the diagonal 
construction to the class of recursive functions to obtain a URM-computable 
function which is not recursive. Kleene has commented (in 1981) that this 
point assumed great significance for him. 

When Church proposed his thesis, I sat down to disprove it by 
diagonalizing out of the class of A-definable functions. But, quickly 
realizing that the diagonalization cannot be done effectively, I became 
overnight a supporter of the thesis. 
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(4) Empirical evidence 

No one has produced an example of a function which would be generally 
recognized as computable but which is not recursive. It might be thought 
that, as computers have become more powerful, and as higher-level 
programming languages have been developed, it has become possible to 
compute more and more functions; but this is not the case. From a practical 
point of view, more powerful computers increase the number of 
computations that can be carried out in a reasonable amount of time, and in 
many applications this is very important. But from a theoretical point of 
view, high-level programming languages implemented on powerful computers 
are not able to go beyond URM programs in relation to which functions may 
actually be computed. This seems less surprising when it is appreciated that 
high-level programs are not implemented directly, but are compiled into a 
lower-level language (machine code) which is at about the same level of 
complexity as the URM programming language. 


Uses of Church's Thesis 

Church’s Thesis is used in two ways, one practical and the other 
philosophical. 

The practical use of Church’s Thesis is that, when we have a function which 
can be seen to be algorithmically computable, we can assume that this 
function is recursive (or, equivalently, URM-computable) without writing 
out a proof in detail. For example, the function reg defined by 

f p(P), if n codes the URM program P, 
reg(n) = {o, otherwise, 

where p(P) is the maximum value u such that the program P uses the 
register R u , can be assumed to be recursive. We can argue this as follows. 
Given n, we can work out in a finite number of steps whether n codes a 
URM program P. If it does, then (again in a finite number of steps) we can 
decode n to obtain all the instructions of P and, by scanning each of these, 
establish the value of p(P). Thus reg is clearly algorithmically computable. 
Hence, by Church’s Thesis, it is recursive. 

This is a very weak use of Church’s Thesis. It just expresses our confidence, 
based on experience, that, if pressed, we could turn an informal algorit hm 
for computing the values of the function reg into a precise proof that it is a 
recursive function. 

The philosophical use of Church’s Thesis arises when we deduce general 
results about algorithmic computability from theorems about recursive 
functions. In the next subsection we give some results concerning problems 
that cannot be decided using recursive functions. These results gain more 
significance if we accept Church’s Thesis because we can then interpret them 
as saying that the problems cannot be decided algorithmically. Some of 
these general results exploit the following problem. 


In Additional Exercise 1 for this 
section we invite you to provide 
such a proof. 
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Problem 3.1 -- 

Let f: N k —> N and g: N k —> N be recursive functions (not necessarily 
total), where k > 1, and let R be a recursive fc-place relation such that 

if R(ni , ri 2 , ■ • •, n k ) holds, then / (nj, ri 2 , ■ ■ ■ , n k ) is defined, 
if R(ni,n 2 , ..., rife) does not hold, then <7(711, n 2 , ..., n k ) is defined. 


Let h\ —> N be the function defined by 


h(ni,n 2 , ...,n k 



/(m,n 2 ,...,n fc ), if R(ni,n 2 ,...,n k ) holds, 
g(ni,n 2 ,... ,rik), otherwise, 


so that, from the information given about the relation R and the functions / 
and g, the function h is total. 

(a) Show that h is recursive (equivalently, that it is URM-computable) by 
outlining an informal algorithm for computing its values. 

(b) The method of proof used for Theorems 1.3, 1.4 and 1.5 and 
Problem 1.15 of Unit 2 might suggest that h can be shown to be 
recursive by using the equation 


h(ni,n 2 , ■ ■ ■ ,n k ) = f(n 1 ,n 2 ,... ,n fc )x R (ni,n 2 ,... ,n k ) 

+ g(ni,n 2 , ...,n k ) sg(x R («i, « 2 , • • •, n k )) 


and saying that the right-hand side is obtained by substitution from 
known recursive functions, so is recursive, and hence h is recursive. 
Unfortunately this argument is fallacious. Can you explain why? 


In Additional Exercise 2 for this 
section we invite you to give a more 
formal proof that h is recursive. 


3.2 Algorithmically undecidable problems 

The first general problem about algorithmic computability that we shall 
consider concerns deciding whether or not a given URM program halts for a 
given input. Our second general problem concerns deciding whether a URM 
program halts for all inputs, i.e. whether it computes a total function. 


Before looking at these problems, it is worth explaining what we mean by 
‘deciding’ a problem or question. First we must represent the question in 
some for mal way that can ultimately be turned into a relation between 
natural numbers. By saying the question is ‘decidable’ we mean that there is 
an algorithmic procedure which tells us whether or not this relation is 
satisfied, that is, gives an answer ‘yes’ or ‘no’. We shall then say that the 
question is algorithmically decidable. The algorithmic procedure is often 
called a decision procedure. This will give you an idea of how what we have 
done in Units 1 to 3 relates to Leibniz’s Question, asking if there is an 
algorithm for deciding which statements of number theory are true. 


Some books use algorithmically 
solvable instead of algorithmically 
decidable. 


For the program we gave at the start of Subsection 1.2, it was easy to see This was the program computing 

that the computation halts whenever the input number n is even but does th e function /: N ♦ ^ given by 

not halt when n is odd. In more complicated cases it can be much harder to _ f |n, if n is eve 

decide whether a computation halts for a particular input. Consider, for \ undefined, otherwise, 

example, the following URM program P. 
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1 

5(2) 

2 

J(l,2,23) 

3 

J(l,3,9) 

4 

5(3) 

5 

J(l,3,13) 

6 

5(3) 

7 

5(4) 

8 

J(l,l,3) 

9 

<7(4,1) 

10 

Z(3) 

11 

Z(4) 

12 

J( 1 ,1,2) 

13 

Z( 4) 

14 

■7(3,4,19) 

15 

5(1) 

16 

5(1) 

17 

5(4) 

18 

<7(1,1,14) 

19 

5(1) 

20 

Z(3) 

21 

m 

22 

*7(1,1,3) 


Note that the program doesn’t halt for input 0. With input n, the 
computation replaces n by \n if n is even and by 3n + 1 if n is odd and 
n ^ 1. This process is repeated unless and until the number 1 is reached, in 
which case the computation halts. For example, with input 5 the numbers 
that are successively calculated are 


5—>16—+8—>4—>2—>1 


This program P carries out what is 
known as the Collatz process. 


and with input 7 they are 

7 —> 22 —> 11 —> 34 —> 17 —> 52 —> 26 -> 13 —> 
40—>20—>10—>5—>16—>8—+4—>2—+1. 


In both cases the computation halts with output 1. It is conjectured that 
this process ends up with the number 1 whatever the input. This has not 
yet, however, been proved. So at the moment it is not known whether the 
computation using this program halts for every input. 

The problem of algorithmically deciding whether or not a computation using 
a particular URM program halts for a particular input is called the Halting 
Problem. We let H: N 2 —> N be the function defined by 

{ 1, if to codes a URM program which 
halts with input n, 

0 , otherwise. 

If the function H were algorithmically computable then the Halting Problem 
would be algorithmically decidable. However, as you will suspect from the 
previous discussion, we can prove that this is not the case. 

Suppose that H is recursive. We shall show that this leads to a 
contradiction. 


Recall that 4>i is the universal URM-computable function for 
URM-computable functions of one variable given by Theorem 2.9. Now let 
/: N —> N be the function defined by 


f 4>i(n, n), if H(n, n) = 1, 
\ 0, otherwise. 


As H is recursive, the relation H(n,n) = 1 is recursive. The universal 
function 4>i is recursive and (n,n) is defined when H(n,n) = 1. 


An equivalent open question is 
whether the function fp is the 
constant function C\. 


We can give the argument in terms 
of either URM programs or 
recursive functions. We choose the 
latter. 
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Note that we write = here rather 
than « as we know that / is a 
total function. 


Another fine use of a diagonal 
argument! 


Theorem 3.1 The Halting Problem is not algorithmically decidable 

The function H : 

bd 2 —► N given by 


( 1, if to codes a URM program which 

H(m,n) = 

/ halts with input n, 


^ 0, otherwise, 

is not recursive. 



The algorithmic undecidability of the Halting Problem is significant for 
computer programming. A computation which goes into some form of loop 
which it repeats over and over again does not halt. It would be good to be 
able to write computer programs with the certainty that bugs of this kind 
will not occur. However, the theorem we have just proved shows that there 
is no general algorithm for checking computer programs. Of course, for 
particular programs it may be possible to decide algorithmically for which 
inputs a computation will halt. The significance of our theorem is that there 
is no general algorithm for deciding whether a program with a particular 
input will halt or not. In the light of this, given the many and important 
uses of computer programs, often of considerable complexity, a great deal of 
effort and ingenuity goes into writing programs in ways that maximize the 
chances that their correctness can be checked. 

A related problem is to identify URM programs which compute total 
functions. For simplicity, we shall confine ourselves to those programs which 
compute a total function of one variable. Let Tot be the set of numbers that 
code such programs. We are going to show that Tot is not a recursive set, so 
that its characteristic function \Tot is not recursive and hence that there is 
no way of deciding algorithmically whether an arbitrary URM-computable 
function /: N —> bd is total. 

Again the idea of the proof is quite simple. We shall show that if Tot is 
recursive then we can find a URM-computable function h: N —* bd which 
enumerates the members of Tot , that is, a one-one function h such that 

Tot={h(0),h(l),h(2),...}. 

Then we can define a total URM-computable function $: bd 2 —> N by 
putting 

$(m, n) - $i(fi(m),n), 

meaning that <F(m, n) = f(n) where / is the total function of one variable 
computed by the program with code number h(m). A diagonal argument 


The constant function zero is recursive and always defined. So the function 
/ is total and, by the result of Problem 3.1, is also recursive. 

It follows immediately that the function g: N —> N given by 

g{n) = f(n) + 1 

is also total and recursive. As g is recursive, Theorem 2.9 tells us that there 
is some natural number e such that, for all n, g(n) = $i(e, n), that is, the 
URM program coded by e computes g. Hence 

g(e) = $i(e,e). (3- 1 ) 

But since e codes a URM program which halts with input e, H(e, e) = 1 and 
/(e) = $i(e,e). Therefore, from the definition of g, 

g(e) = $i(e, e) + 1. (3-2) 

Equations (3.1) and (3.2) are contradictory. This contradiction has arisen 
because we made the assumption that the function H is recursive. Hence 
this assumption must be wrong and so we have proved the following. 
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applied to $ will produce a contradiction from which we can conclude that 
Tot is not recursive. 


Theorem 3.2 

The set Tot of numbers that code URM programs which compute a 
total function of one variable is not recursive. 


Proof 

We assume, to obtain a contradiction, that Tot is a recursive set. 

First we define a recursive function h which enumerates the code numbers of 
URM programs which compute a total function of one variable. The 
program of this sort with the smallest code number is 

1 Z( 1) 

which computes the zero function; its code number is 2 3 = 8. So we shall 
define the recursive function h by 

h( 0) = 8, 

h(n + 1) = gz (z £ Tot and h(n) < z). 

As there are infinitely many URM programs computing a total function of 
one variable, h(n) is always defined. More importantly, if f :N —> N is a 
total recursive function, there is some number m such that the URM 
program with code number h(m) computes /. 

Now let <f>: l\l 2 —> N be the function defined by 

<f>(m, n) — $r(/i(m),ra), 

where 3>i is the universal function defined in Theorem 2.9. Then $ is a total 
recursive function (since <J>i and h are recursive and since the program coded 
by h(m) halts for all inputs n) with the property that if / : N —> N is a 
total recursive function then there is some number m such that 
n) = f(n) for all n G N. 

Now we can obtain a contradiction using a diagonal argument. The details 
are left to you (see Problem 3.2). We deduce that the set Tot is not 
recursive. B 

This result can be restated as: the problem of determining whether a given 
URM program P computes a total function /£, that is, halts for all inputs 
in register R\ when 0 is input in all other registers, is algorithmically 
undecidable. 

Problem 3.2 _ 

Complete the proof of Theorem 3.2. 


The result that the set Tot is not recursive can be used to show that other 
sets are not recursive. We shall give one example concerning URM programs 
which compute a given URM-computable function g. To lead into this 
example, we ask you to show that there are infinitely many URM programs 
which compute any given g. 

Problem 3.3 _.__ 

Suppose that the function g : N —> N is computable by the URM 
program Q. Show that there are infinitely many URM programs which 
compute g. Hint: Show how to concatenate other instructions with Q to 
produce programs which have the same effect on all inputs as Q. 


As we are supposing that the set 
Tot is recursive, we can deduce 
from its definition that h is 
recursive. 

For instance, for each integer k, the 
constant function C* : n i—> k is 
URM-computable and total. 


We can use = rather than » as the 
right-hand side is defined for all m 
and n, even though <f>i is not a 
total function. 


So g is the function fq. 
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Our solution to Problem 3.3 describes infinitely many URM programs 
computing g, but by no means all of the programs which do this — there 
will be many that bear no obvious relation or resemblance to the 
program Q. The sets of all URM programs and of those which compute a 
specific function g are thus so big and complicated that one might suspect 
that deciding algorithmically whether a specific URM program P computes 
g will be impossible. 

Example 3.1 

Let X be the set of numbers which code URM programs which compute the 
function g: fd —> N given by g(n) = n 2 . We shall show that the set X is 
not recursive. 

Our strategy is to give an informal algorithmic procedure for turning any 
URM program P coded by a number e into a program P* such that: 

if the function fj, of one variable computed by P is total, then P* will 
compute the function g\ 

if fp is not total, then P* will not compute g. 

Once we have such a procedure, we suppose that X is recursive, so that 
there is an algorithm for testing whether a number m is in X. We then test 
whether a number e is in Tot as follows. Given e, check whether or not it 
codes a URM program. If it does not code a program, e is not in Tot. If it 
does code a program, P say, recover the instructions of P from e and use 
them to turn P into the corresponding program P*. Work out the code 
number 7 (P*) of P* and test whether it is in the set X. If it is, then P 
computes a total function fp, so e is in Tot; and if it is not, then fj, is not 
total and e is not in Tot. So we have an algorithm for testing whether e is in 
Tot, so that the set Tot is recursive, which contradicts Theorem 3.2. We 
conclude that there is no algorithm for testing whether m is in X, so that X 
is not recursive. 

To create P* from P, we shall exploit one of the URM programs, Q say, 
which computes g. 

Suppose that we are given a number e and have already determined that it 
codes a URM program P. We can also compute the maximum register 
number p(P) used in P, namely reg(e), and then the maximum of p(P) 
and p(Q). We then construct P* from P by concatenating programs and 
extra instructions as follows. First we have the instruction 

C(l, ma x{p{P),p{Q)) + 1) 

This has the effect of copying an input n to P* into a register not used in P 
or Q. 

Next we concatenate the program 
P 

This has the effect of computing fj,(n), which might of course not be defined 
for some n if P fails to halt with this input, in which case P* also does not 
halt with this input. 

Our next instructions would, in the case when fj>(n) is defined, clear the 
other registers used in Q and transfer the original input n back into register 
Ri, as follows: 

Z( 1) 

Z(2) 


Z(p(Q)) 

C(max(p(P), p(Q)) + 1, 1) 


Of course, in practical computing, 
one strives to design a program to 
compute g in ways that enable one 
to verify that it achieves this goal. 


If you would like a taste of part of 
the process of converting e into the 
code number of P* , you might like 
to try Additional Exercise 4 for 
this section. 


The function g(ri) = n 2 is 
URM-computable. See the 
program P on page 20 of Unit 1. 


The Z(l) instruction is redundant. 
We include it only to clarify what 
is being done. 
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Finally we concatenate the above program with 

Q 

which has the effect that the whole concatenated program will compute n 2 
exactly when fp(n) is defined. 

To summarize, P* is the concatenated program 

C( 1, ma x{p(P),p(Q)) + 1 ) 

P 

Z( 1) 

Z(2) 


Z(p(Q)) 

C(max(p(P), p(Q)) + 1, 1) 

Q 

With input n, this program P* outputs n 2 exactly when fp(n) is defined, so 
that P* computes the function g exactly when fp is a total function, as 
required. + 

The result of Example 3.1 can be restated as: the problem of determining 
whether a URM program computes the squaring function of one variable is 
algorithmically undecidable. 

Problem 3.4 _ 

(a) Give a URM program Q which computes the zero function given by 
zero(n) = 0 for all n G N. 

(b) Give an informal algorithmic procedure for turning any URM program 
P coded by a number e into a program P* such that: 

if the function fj, of one variable computed by P is total, then P* 
will compute the zero function; 

if fj> is not total, then P * will not compute the zero function. 

(c) Explain why the set Zero of code numbers of URM programs which You met the set Zero in Unit 2. 

compute the zero function is not recursive. 


The result of Problem 3.4 can be restated as: the problem of determining 
whether a URM program computes the zero function is algorithmically 
undecidable. 

Problem 3.5 ___ 

For each e G N which codes a URM program, let W e be the set 
W e = {k : 4>i(e, k) is defined}, 

where is the universal function defined in Theorem 2.9. If e does not 
code a URM program, let W e be the empty set. So, if e codes a URM 
program, W e is the domain of the function /: bj —> N coded by e. Let D 
be the two-place relation given by 

D(n,m) ^ W n = W m . 

(a) Show that if D(e, 8 ) holds then the function /: F4 —> f\l coded by e is 
total. Hint : For the significance of the number 8, see the proof of 
Theorem 3.2. 

(b) Deduce that the relation D is not recursive. 


The result of Problem 3.5 can be restated as: the problem of determining 
whether two URM-computable functions have the same domain is 
algorithmically undecidable. 
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There are many results showing that various questions about computer 
programs are algorithmically undecidable. Some occur in the Additional 
Exercises on this section. For more examples, including algorithmically 
undecidable problems in areas of mathematics other than computer 
programming, you should look at some of the books listed in the Suggestions 
for Further Reading for this part of the course at the end of Unit 8. A major 
example is the algorithmic decidability of the truth of statements of number 
theory, which is what we shall look at in the remaining units of the 
Mathematical Logic part of the course. 


SUMMARY 

In this unit we have broadened the definition of URM computability so that 
each URM program P computes a function fp of k variables, for each k > 1, 
where fp is, in general, a partial function, that is, its domain is a subset 
of The computation using the program P with input (rq, n 2 ,.. ■, rife) 
halts with output fp{n\,U 2 ,... ,Uk) if and only if (ni, 712 ,...,n*,) is in the 
domain of fp. 

Next, motivated by the search for the stage at which a computation halts, 
we introduced the operation of minimization and saw that minimization, 
even when applied to a total function, will in general produce a partial 
function. We found that minimization applied to a URM-computable 
function or relation produces a URM-computable function. This led us to 
introduce the class of recursive functions as those functions that can be 
obtained from the basic primitive recursive functions using the operations of 
substitution, primitive recursion and minimization. We found that every 
recursive function is URM-computable. 

By a careful study of the coding of URM computations, we were able to 
show that the converse is also true, that is, every URM-computable function 
is recursive. A spin-off was Kleene’s Normal Form Theorem, from which we 
were able to establish the existence of universal URM-computable functions 
and universal URM programs. 

The coincidence of the classes of URM-computable and recursive functions is 
evidence for Church’s Thesis that the informal and intuitive idea of an 
algorithmically computable function is captured by the notion of a recursive 
function. We gave a brief summary of the history of Church’s Thesis and of 
the compelling evidence for its acceptance. We noted the philosophical and 
practical consequences of Church’s Thesis. 

Finally we looked at some problems about URM-computability, such as the 
Halting Problem, which are not algorithmically decidable. We noted that 
algorithmically undecidable problems arise and are significant in other areas 
of mathematics as well as in the theory of computer programs. 

In the remainder of the Mathematical Logic units, armed with our 
description of algorithmic computability, we shall turn to the remaining 
machinery required to resolve Leibniz’s and Hilbert’s Questions, namely the 
study of mathematical logic. We begin by introducing a formal language for 
number theory. The notion of algorithmic computability will be present in 
the rest of the course, but in the background for some time. Recursive 
functions will play an important role in the proofs of the major theorems of 
the course in Units 7 and 8. 
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OBJECTIVES 

We list those topics on which we may set assessment questions to test your 

understanding of this unit. 

After working through the unit you should be able to: 

(a) calculate values of functions defined by minimization and, in simple 
cases, determine whether such functions are defined for certain inputs; 

(b) give proofs that functions are recursive using minimization; 

(c) given a URM program which computes a particular function, determine 
a URM program which computes the function derived from it by 
minimization; 

(d) calculate the situation number corresponding to a given stage of a given 
URM computation; 

(e) given a number, determine the situation, if any, which it codes; 

(f) exploit Church’s Thesis to show that functions, relations and sets are 
recursive; 

(g) show that certain functions, sets and relations are not recursive. 


ADDITIONAL EXERCISES 

Most of these exercises provide further practice, should you feel you need it, 
in handling the main ideas in the unit on which you are likely to be assessed. 

There are a few harder problems, labelled as such in the margin. These are 
harder than any of the problems you are likely to encounter in the 
assessment and are included solely as challenges for the interested student. 


Section 1 


1 


Show that the partial function / : f\l —> 


f 1, if n > 0, 

( undefined, otherwise, 


is URM-computable. 


N given by 


2 Let P be the following URM program. 

1 J(l,3,5) 

2 5(2) 

3 5(3) 

4 .7(1,1,1) 

5 <7(1,2,5) 

Describe the function fp of one variable, the function fp of two 
variables and the function fp of three variables computed by P. 


Section 2 


l 


Show that the partial function / : N —> 



1, if n > 0, 

undefined, otherwise, 


M given by 


is recursive. 



The partial function g : N 2 —» M is given by 


g(n,m) = 


0, if \n — m\< 3, 

undefined, otherwise, 

notion / : hJ —> M is given by 


and the partial function / : bJ —> M is given by 
f(n) & yy(g{n,y) =0). 

Determine, for 0 < n < 5, whether or not /(n) is defined and evaluate 
f{n) in the cases where it is defined. 

3 The following URM program computes a function g : N 2 —+ N. 

1 7(2,3,6) 

2 5(4) 

3 5(4) 

4 5(3) 

5 J(l,l,l) 

6 (7(1,3) 

7 C( 4,2) 

8 J(l, 4,16) 

9 .7(2,3,14) 

10 5(3) 

11 5(4) 

12 5(5) 

13 7(1,1,8) 

14 Z( 1) 

15 7(1,1,17) 

16 C(5,1) 

Find a URM program which computes the partial function / : N —*• M 
given by 

f(n) w yy(g{n,y) = 0). 

4 Let P be the URM program 

1 7(1,3,6) 

2 5(2) 

3 5(2) 

4 5(3) 

5 7(1,1,1) 

6 C( 2,1) 

and let e be the number which codes this program. Calculate the 
situation numbers 5i(e, l,t) for 0 < t < 10. 

5 Specify the situation corresponding to each of the following situation 
numbers for a URM program which uses the registers R \, Il'i and R 3 
only. 

(a) 2 (b) 90 (c) 180 (d) 196 

6 Let g : f\l 2 —> N be the partial function given by putting g(e, n) = 0 if e Harder problem 
does not code a URM program and g(e, n) = to if the computation with 

input n of the URM program with code number e halts at stage to, 
while g(e, n) is undefined otherwise. Prove that g is a recursive function. 


Supply the details for case (vi) in the proof of Theorem 2.5. 


Harder problem 
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Section 3 


1 


The function reg: N - 
reg(n) = j p ^' 


► LI is defined by 

if n codes the URM program P, 
otherwise, 


where p(P) is the maximum value u such that the program P uses the 
register R u . Prove that reg is a primitive recursive function. Hint: 
First use the function max: Li 2 —> N to show that, for any primitive 
recursive function /: LI —> N, the function g: N —> LJ defined by 



0 , 

max{/(fc) : 1 < k < n}, 


if n = 0, 
if n > 1, 


is primitive recursive. Then show that the function M given by 


M(n) = 


the maximum register 

number used by J, if n codes a URM instruction I, 
0, otherwise, 


is primitive recursive. 


2 


Let f :N k —> LI and g :N k —> N be recursive functions (not 
necessarily total) and let J? be a recursive fc-place relation such that 


if R(ni,n 2 ,nu) holds, then /(m, ri 2 ,..., n^) is defined, 
if R(ni,ri 2 , ■ ■ ■ n k ) does not hold, then g(ni,n 2 ,..., n k ) is defined. 

Let h:N k —> LJ be the total function defined by 


h(m,n 2 ,...,n k ) = 


f f(ni,n 2 ,...,n k ), 
\ff(ni,n 2 ,...,n k ), 


if R(ni,n 2 ,.. .,n k ), 
otherwise. 


Show that h is a recursive function without appealing to Church’s 
Thesis. Hint: We need to avoid the pitfall pointed out in the solution 
to Problem 3.1(b). Our solution uses Kleene’s Normal Form Theorem 
to obtain a single recursive relation 5 such that 

h(ni,n 2 ,... ,n k ) = U(pzS(ni,n 2 ,... ,n k ,z)). It also makes use of the 
results for recursive relations equivalent to the results for primitive 
recursive relations in Problem 1.10 of Unit 2. You may assume that 
these results hold. 


3 


Give an example of a two-place relation R such that the function 
/ : N 2 —> N given by 


/(m, n) 


J 1, if R(m,n ) holds, 
\ 0, otherwise, 


is not recursive but the function g : I 


LI given by 


g(m, n) 


J 1, if R(m,n) holds, 

\ undefined, otherwise, 

is recursive. Hint: Look at Theorem 3.1. 


Harder problem 


Harder problem 




4 


Harder problem 


In this exercise, we ask you to investigate one part of how to convert 
the code number of a URM program P into the code number of the 
program P* in Example 3.1. In this example the program P is 
concatenated with other instructions, and some of the jump 
instructions of P might thus get adjusted. The point of this exercise is 
to show that, in such an adjustment, the code number of the adjusted 
program is a primitive recursive function of the code number of P. 


We say that a URM program P with k instructions is in standard form 
if, for every Jump instruction J(m,n,q ) occurring in P, we have 
q < k + 1. If P is a URM program with k instructions then the 
standard form of P is the URM program obtained from P by replacing 
each Jump instruction J(m, n, q) of P where q > k + 1 by 
J(m, n.k + 1). We denote the standard form of P by P'. Show that the 
function sf defined by 


J 7 (P'), if e codes a URM program P, 
10 , otherwise, 


is primitive recursive, where 7 (P r ) is the number which codes the URM 
program P'. 


5 (a) Give a URM program Q which computes the successor function 

given by succ(n) = n + 1 for all n S N. 

(b) Give an informal algorithmic procedure for turning any URM 
program P coded by a number e into a program P* such that: 

if the function fp of one variable computed by P is total, then 
P* will compute the successor function; 
if fj, is not total, then P* will not compute the successor 
function. 


6 Show that the two-place relation E given by 

E(m, n) <=> to and n code URM programs which compute 
the same function of one variable 

is not recursive. Hint: Exploit the result of Problem 3.4 about the set 
Zero. 

7 For each e € which codes a URM program, let W e be the set 

W e = [k : d>i(e, k ) is defined}, 

where $1 is the universal function defined in Theorem 2.9. If e does not 
code a URM program, let W e be the empty set. So, if e codes a URM 
program, W e is the domain of the function /: N —> N coded by e. Let 
K be the set 

ff^{e£fH:e£ W e }. 

Show that K is not a recursive set. 


Harder problem 
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Solutions to the Problems 


SOLUTIONS TO THE PROBLEMS 


Solution 1.1 


The computation halts only if the initial contents of registers Ri and R 2 are 
unequal. Thus the functions are given by: 


fi = I n > if n > 0, 

p ' \ undefined, if n — 0 ; 


fp( n i,n 2 ) 


(ni, if rii 7 ^ n 2 , 

1 undefined, if m = n 2 . 


As the largest register number used by the program P is 2, the output of 
any computation is independent of the initial contents of the registers Ri for 
all i > 3. The functions /£ for k > 3 are thus similar to the function f 2 p and 
are given by 


fp(ni,n 2 ,.. 


f "i, if ni ± n 2 , 

\ undefined, if ri\ = n 2 . 


Solution 1.2 

The following URM program computes the given partial function. 

1 <7(1, 2 ,7) 

2 5(2) 

3 5(2) 

4 5(2) 

5 5(3) 

6 J(l,l,l) 

7 (7(3,1) 


Solution 2.1 

It can be seen that, in general 

f \n, if n is even, 


9(n) 


\ undefined, otherwise. 


Thus g( 0) = 0, 5 (2) = 1 , 3 ( 4 ) = 2, 3 ( 6 ) = 3 while 3 ( 1 ), 3 ( 3 ), 3 ( 5 ) are 
undefined. 


It is an obvious modification of the 
URM program, given near the start 
of Subsection 1.2, which computes 
the function 


f(n) = 


/ 

( undefined, 


if n is even, 
otherwise. 


Solution 2.2 

As 3 ( 71 ) is the smallest number y such that n < y 2 , we obtain the following 
table of values. 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

9{n) 

0 

1 

2 

2 

2 

3 

3 

3 

3 

3 


Solution 2.3 

(a) We have /(2,0) = 2, /(2,1) = 1 and /(2, 3 ) is undefined if y > 2. 
Therefore 3 ( 2 ) is undefined. 

Also /(4,0) = 4, /(4,1) = 3 and /(4,2) = 0. Hence 3 ( 4 ) is defined and 
5(4) = 2 . 

(b) Clearly g{n) is undefined if n is not a square. Now suppose that n = m 2 . 
Then f(n, y) = m 2 - y 2 > 0 for 0 < 3 < m and f(n, m) = 0 so that 
g{n) = m. Thus the domain of 3 is the set of natural numbers that are 
squares. 
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Solutions to the Problems 


Solution 2.4 

We have the following table of values, where * means ‘undefined’. 


n 

0 

1 

2 

3 

4 

5 

6 

9{n) 

* 

2 

* 

0 

3 

* 

1 


For example, g{ 2) is undefined because, although we have /(2,4) = 0, /(2,3) 
is undefined. 


Solution 2.5 

We have, for all n \, 


h(ni,0) » f(n i). 

As /(m) = 1 for all n\ this gives 
h(n i,0) — 1, for all ni. 

As h(n\, 0) is defined for all ni, we have 

h(ni,l) = /i(ni,0+l) « g{ni,0,h(ni,0)) «s(ni,0,l). 

As </(m, 0,1) is defined and equals n\ + 1 for all ni, we have 
h(ni,l) = n\ + 1, for all ni. 

It’s only at the next stage that we hit some interesting behaviour! We have 

/i(m, 2) = h(ni, 1 + 1) « g(ni, 1, h(ni, 1)) ~ <?(ni, 1, nx + 1). 

For g(ni, 1, ni +1) to be defined, we need ni + 1 < 2, which happens only 
when ni is 0 or 1. This means that for all other values of ni, namely ni > 2, 
h(ni, 2) is undefined, which has the knock-on effect that 

« g(ni,2,h(ni,2)) is undefined and, continuing in this way, h(ni,n) 
is undefined for all n > 2. 

Further investigation of the case when ni = 0 shows that h( 0,2) = 1 and 
consequently that h(0,n) = 1, for all n > 2. 


We also find, in the case when ni = 1, that 

Ml, 2) = Ml, 1 + 1) » 5(1,1, Ml, 1)) » 5(1,1,2), 

which, as g( 1,1,2) is defined and equals 3, gives h(l, 2) = 3; and that 

Ml, 3 ) = Ml, 2 + 1) « 5(1,2, Ml, 2)) « 5(1,2,3), 

which, as g(l,2,3) is not defined, means that h{ 1,3) and consequently 
h( 1, n) for all n > 3 are not defined. 


To summarize, h can be described as follows: 


h(ni,n) 


ni + 1 , 

< 1 , 

3, 

undefined, 


for all ni and n = 0, 
for all ni and n = 1, 
if ni = 0 and n> 2, 
if ni = 1 and n = 2, 
otherwise. 


Solution 2.6 

One possible solution is to note that 
h(n) « py{n = 3 y). 

The relation n = 2>y is easily seen to be (primitive) recursive. Thus h is 
obtained by minimization on a recursive relation and so is a recursive 
function. 


Similar proofs can be used to show 
that the functions in Examples 2.1, 

2.2, 2.3, 2.4 and Problems 2.1, 2.2, 

2.3, 2.5 are all recursive. 
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Solutions to the Problems 


Solution 2.7 

Here u = 4 as the program uses the registers Ri, R 2 , i? 3 and R 4 only. Also 
k = 1. Hence the program given by the proof of Theorem 2.2 which 
computes fiy (/(n, y) = 0) is as follows. 


1 

(7(1,5) 

2 

7(2,3,16) 

3 

5(3) 

4 

7(2,3,16) 

5 

Z{ 3) 

6 

7(1,3,13) 

7 

7(2,4,11) 

8 

5(3) 

9 

5(4) 

10 

7(1,1,6) 

11 

Z{ 4) 

12 

7(1,1,6) 

13 

7(2,4,15) 

14 

7(1,1,16) 

15 

Z{ 1) 

16 

7(1,7,25) 

17 

zii) 

18 

Z{ 2) 

19 

Z( 3) 

20 

Z{ 4) 

21 

5(6) 

22 

<7(5,1) 

23 

<7(6,2) 

24 

7(1,1,2) 

25 

<7(6,1) 


Solution 2.8 

We count the number of instructions in the program P* as follows. 


Store input values k 

The program P r 

Is f{ni,n 2 ,...,n k ,y) = 0? 1 

Clear registers used by P u 

Add 1 to y 1 

Recall input values k 

Put y in R k+ i 1 

Loop back to P 1 

Put y in output register 1 


Thus P* has 2k + r + u + 5 instructions. 

Solution 2.9 


Stage 

Instruction 

Ri 


r 3 

Situation number 

0 

1 

4 

2 

0 

2 1 3 4 5 2 7° 

= 4050 

1 

2 

4 

2 

0 

2 2 3 4 5 2 7° 

= 8100 

2 

3 

4 

3 

0 

2 3 3 4 5 3 7 ° 

= 81000 

3 

4 

4 

3 

1 

2 4 3 4 5 3 7 1 

= 1134000 

4 

1 

4 

3 

1 

2 1 3 4 5 3 7 1 

= 141750 

5 

2 

4 

3 

1 

2 2 3 4 5 3 7 1 

= 283500 

6 

3 

4 

4 

1 

2 3 3 4 5 4 7 1 

= 2835 000 

7 

4 

4 

4 

__2 

2 4 3 4 5 4 7 2 

= 39690000 

8 

1 

4 

4 

2 

2 4 3 4 5 4 7 2 

= 4961 250 

9 

5 

4 

4 

2 

2 5 3 4 5 4 7 2 

= 79 380 000 

10 

6 

2 

4 

2 

2 6 3 2 5 4 7 2 

= 17640 000 
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Solutions to the Problems 


Solution 2.10 

From the calculations we made in Solution 2.9 we see that 
S 2 (e,4,2,0) = 4050 and S 2 {e, 4,2,9) = 79380000. Also the computation 
halts at stage 10 and hence at all subsequent stages the situation number is 
the same as at stage 10. Thus 

5 2 (e, 4,2,100) = 5 2 (e, 4,2,10) = 17640000. 

Solution 2.11 

First we must decide if e codes a URM program and, if so, what is this 
program. We have 

281252 = 281250 + 2 = 2 1 3 2 5 6 + 2, 

12 = 6 x 2, 

18 = 6 x 3, 

32 = 30 + 2 = 2 1 3 1 5 1 + 2, 

25 = 24 + 1 = 2 3 3 1 + 1. 

These are the codes of URM instructions, so e is indeed the code number of 
a URM program. We observe that 281252 codes the instruction J(l,2,6), 

12 codes the instruction S(2), 18 codes the instruction S(3), 32 codes the 
instruction J(l, 1,1) and 25 codes the instruction C(3,1). Hence the 
program coded by e is 

1 -7(1,2,6) 

2 5( 2) 

3 5( 2) 

4 5(3) 

5 J(l,l,l) 

6 C(3,1) 

With input 4, we have the following trace table and situation numbers. 


Stage 

Instruction 

Ri 

7?2 

r 3 

Situation number 

0 

1 

4 

0 

0 

2 1 3 4 5°7° 

= 162 

1 

2 

4 

0 

0 

2 2 3 4 5°7° 

= 324 

2 

3 

4 

1 

0 

2 3 3 4 5 1 7° 

= 3240 

3 

4 

4 

2 

0 

2 4 3 4 5 2 7° 

= 32 400 

4 

5 

4 

2 

1 

2 5 3 4 5 2 7 4 

= 453600 

5 

1 

4 

2 

1 

2 1 3 4 5 2 7 1 

= 28350 

6 

2 

4 

2 

1 

2 2 3 4 5 2 7 1 

= 56 700 

7 

3 

4 

3 

1 

2 3 3 4 5 3 7 1 

= 567000 

8 

4 

4 

4 

1 

2 4 3 4 5 4 7 1 

= 5670 000 

9 

5 

4 

4 

2 

2 5 3 4 5 4 7 2 

= 79 380000 

10 

1 

4 

4 

2 

2 4 3 4 5 4 7 2 

= 4961250 

11 

6 

4 

4 

2 

2 6 3 4 5 4 7 2 

= 158760000 

12 

7 

2 

4 

2 

2 7 3 2 5 4 7 2 

= 35 280000 


The value of 5i(e,4,t) for 0 < t < 12 is given by the situation number at 
stage t in the table above. The computation halts at stage 12 and hence, for 
t > 12, 

5i (e, 4, t ) = Si (e, 4,12) = 35 280 000. 
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Solutions to the Problems 


Solution 3.1 

(a) Let Pf, P g and P R be URM programs computing, respectively, the 
functions / and g and the characteristic function \ R of the relation R. 
An informal algorithm for computing h is as follows. 

Input {ni,ri 2 ,... ,71k). Use Pr to compute whether or not 

R(ni,ri 2 ,... ,n k ) holds. If it holds, use Pf to compute /(ni,ri 2 ,... ,n k ); 

if it does not hold, use P g to compute g{n \, n 2 ,..., n k ). 

(b) The problem is that h(n\,n 2 ,..., n k ) is always defined, but 

f(ni, n 2 ,..., n k )x R (n 1 ,n 2 , ...,n k ) 

+ g(ni,n 2 ,..., n k )sg{x R {n 1 ,n 2 ,..., n k )) (S.l) 

might not be. The functions / and g might not be total, in which case 
there is some (ni, ri 2 ,..., n k ) for which at least one of /(m, ri 2 , ■.., n k ) 
and g(n\,ri 2 , ■ ■ ■ , n k ) is not defined, so that expression (S.l) is not 
defined. (Expression (S.l) does define a recursive function, but its 
domain consists of those (ni,n 2 , ...,n k ) for which both f(ni,n 2 ,...,n k ) 
and g(ni,ri 2 , ■.., n k ) are defined.) 

Solution 3.2 

On the assumption that Tot is a recursive set, we have found a total 
recursive function $ : M 2 —> N with the property that if f :N —> fd is a 
total recursive function then there is some number m such that 
<h(m, n) = f(n) for all n € N. 

Define g : N —+ N by 

g(n) = $(n,n) + 1. 

Therefore g is a total recursive function. Hence there is some number m 0 
such that 

g(n) = $(m 0 ,n) 

for all n G N. In particular, 

g(mo) = $(m 0 ,m 0 ). 

But, from the definition of g. 

g(m 0 ) = $(m 0 ,m 0 ) + 1. 

This is the contradiction that we require. 

Solution 3.3 

For each n € M we shall add n extra instructions to be executed before Q. 
Each instruction will need to have some sort of neutral effect, which doesn’t 
alter the contents of the registers or cause the new program to halt before Q 
is executed (although Q might then fail to halt for those inputs for which g 
is not defined). Our choice is to use Copy instructions from a register to 
itself. So, for a given n £ N, we take the following concatenated program. 

<7(1,1) 

<7(2,2) 


C(n, n) 

Q 
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Solutions to the Problems 


Solution 3.4 

(a) The URM program Q with the single instruction 

Z( 1 ) 

computes the zero function. 

(b) We could mimic the procedure used in Example 3.1. But as the required 
output of P* when n is input and fp(n ) is defined is independent of n, 
we can dispense with having to work out the maximum register used by 
P and copy the input n into an unused register, and simply take P* to 
be the following concatenation: 

P 

Z( 1 ) 

With input n, this program P* outputs 0 when fp (n) is defined and 
fails to halt if fp(n) is not defined. So P* computes the zero function 
precisely when the function fp computed by P is total. 

(c) Suppose that the set Zero of code numbers of URM programs which 
compute the zero function is recursive, so that there is an algorithm for 
testing whether a number m is in Zero. This would then give an 
informal algorithm for testing whether a number e is in Tot, as follows. 

Given e, check whether or not it codes a URM program. If it does not 
code a program, then e is not in Tot. If it does code a program, P say, 
recover the instructions of P from e and use them to turn P into the 
corresponding program P*. Work out the code number q(P*) of P* and 
test whether it is in the set Zero. As 

q(P*) G Zero if and only if fp is total, 

we have an algorithm for testing whether e (the code number of P) is in 
the set Tot, so that Tot is recursive. This contradicts Theorem 3.2 and 
we conclude that the set Zero is not recursive. 

Solution 3.5 

(a) The program with code number 8 computes the zero function, which is a 
total function. Thus if D{e, 8) holds then W e = Ws = N, so that the 
function /: bl —> f\l coded by e is total. 

(b) Recall that Tot is the set of code numbers of URM programs that 
compute a total function of one variable. Then 

e € Tot 4=4- e G Prog and D(e, 8). 

We know from Unit 2 that Prog is a primitive recursive set. Thus, if D Unit 2, Theorem 3.10. 
were a recursive relation, then Tot would be a recursive set. But we 
know from Theorem 3.2 that this is not the case. Thus D is not a 
recursive relation. 
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SOLUTIONS TO ADDITIONAL 
EXERCISES 


Section 1 


2 Consider the program 

1 J( 1,2,1) 

2 Z(l) 

3 5(1) 

For input 0, instruction 1 is performed repeatedly and the computation 
does not halt. For positive input, the output is 1. Thus this program 
computes the function /. 


2 


It is probably a good idea to investigate fp first, as the input 
convention gives the registers very simple initial contents, namely n in 
register Ri and 0 in all the other registers. In this case, the effect of 
instructions 1 to 4 is to add the initial content of register Ri to that of 
R '2 and R 3 , and then proceed to instruction 5. But as the initial content 
of R 2 is 0, this means that at instruction 5 the contents of Ri and R 2 
are equal, so that the computation loops on instruction 5 forever and 
never halts. Thus fp is a function which is undefined for all inputs n. 

Next we consider /J>, for which the initial contents of the registers are 
n\ in R \, n 2 in R 2 and 0 in all other registers. The effect of 
instructions 1 to 4 is still to add the initial content of register R± to 
that of R 2 and R 3 , and then proceed to instruction 5. At this stage R\ 
contains ri\ and R 2 contains n 2 + ni, which are equal (making the 
computation loop forever on instruction 5) only when n 2 = 0. For all 
other values the computation halts (on the non-existent instruction 6) 
with output n\. Thus /J, is the function 



rn, 

undefined, 


if n 2 > 0, 
if n 2 = 0. 


For /J,, suppose that initial contents of registers R d ,R 2 , R 3 are 
ni, n 2 ,n 3 respectively. If n\ < n 3 , the computation will loop forever 
round the cycle of instructions 1—>2—>3—♦ 4 —► 1 —► • • ■ and not halt. 
If ni > n 3 , instructions 1 to 4 will add ni - n 3 to the initial content of 
register R 2 and then proceed to instruction 5. If the content of R 2 at 
this stage, namely n 2 +n i - n 3 , equals that of 7?i (still m), the 
computation doesn’t halt; in other cases it halts with output n\. Thus 
the function /J, is given by 



n i, 

undefined, 


if n\ > n 3 and n 2 ^ n 3 , 
otherwise. 


Section 2 


2 We have 

/(n) « fiz (sg(n) + 2 = 0) + 1. 

For, if n > 0, sg(n) = 0 and /j,z (sg(n) + z = 0) = 0 while, if n = 0, 
sg(n) = 1 and fiz (sg(n) + z = 0) is undefined. Thus / is obtained by 
substitution and minimization from known primitive recursive functions 
using constants. Hence / is a recursive function. 


Alternatively, since / is 
URM-computable (by Additional 
Exercise 1 on Section 1), / is 
recursive (by Theorem 2.6). 
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2 We have the following table of values for g, where * means ‘undefined’. 


g(n,m) 

0 

1 

m 

2 3 

4 

5 

0 

0 

0 

0 

* 

* 

* 

1 

0 

0 

0 

0 

* 

* 

2 

0 

0 

0 

0 

0 

* 

n 3 

* 

0 

0 

0 

0 

0 

4 

* 

* 

0 

0 

0 

0 

5 

* 

* 

* 

0 

0 

0 


We see from this table that 

m = /(i) = /(2)=o 

but that, for n > 3, f(n) is not defined because, in these cases, g(n,0) is 
not defined. 

3 The given program uses the registers R\ to R$ and hence, in the 

notation of Theorem 2.2, u = 5. Also k = 1. Hence the program given 
by Theorem 2.2 which computes yy ( g(n , y) = 0) is as follows. 


1 

(5(1, 6) 

2 

J( 2,3,7) 

3 

5(4) 

4 

5(4) 

5 

5(3) 

6 

5(1,1,2) 

7 

<5(1,3) 

8 

(5(4,2) 

9 

5(1,4,17) 

10 

5(2,3,15) 

11 

5(3) 

12 

5(4) 

13 

5(5) 

14 

5(1,1,9) 

15 

Z( i) 

16 

5(1,1,18) 

17 

(5(5,1) 

18 

5(1,8,28) 

19 

Z( 1) 

20 

2(2) 

21 

2(3) 

22 

2(4) 

23 

2(5) 

24 

5(7) 

25 

(5(6,1) 

26 

(5(7,2) 

27 

5(1,1,2) 

28 

<5(7,1) 


52 




4 We give the trace table for the computation using this program with 
input 1 and the corresponding situation numbers. 


Stage 

Instruction 

Ri 

R2 

#3 

Situation number 

0 

1 

l 

0 

0 

2 1 3 1 5°7° 

= 6 

1 

2 

l 

0 

0 

2 2 3 1 5°7° 

= 12 

2 

3 

l 

1 

0 

2 3 3 1 5 1 7° 

= 120 

3 

4 

l 

2 

0 

2 4 3 1 5 2 7° 

= 1200 

4 

5 

l 

2 

1 

2 s 3 1 5 2 7 1 

= 16 800 

5 

1 

l 

2 

1 

2 1 3 1 5 2 7 1 

= 1050 

6 

6 

l 

2 

1 

2 6 3 1 5 2 7 1 

= 33600 

7 

7 

2 

2 

1 

2 t 3 2 5 2 7 1 

= 201600 


The situation numbers Si (e, 1, t) for 0 < t < 7 are given in the 
corresponding rows of this table. The computation halts at stage 7 and 
hence Si (e, 1 , t) = Si (e, 1 ,7) = 201600 for t > 7 . 

5 (a) 2 = 2 1 3°5°7° so the corresponding situation is 


Instruction 

Ri 

S 2 

s 3 

1 

0 

0 

0 


(b) 90 = 2 1 3 2 5 1 7° so 

the corresponding situation is 

Instruction 

Rl f ?2 S 3 

1 

2 1 0 

(c) 180 = 2 2 3 2 5 1 7° so the corresponding situation is 

Instruction 

Si f ?2 S 3 

2 

2 1 0 

(d) 196 = 2 2 3°5°7 2 so the corresponding situation is 


Instruction 

Si 

s 2 

S 3 

2 

0 

0 

2 
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6 The relation that e does not code a URM program is expressed by 
e (fi Prog 

where Prog is the primitive recursive set of code numbers of URM 
programs. 

The relation that the computation with input n of the URM program 
with code number e has halted at stage t is expressed by 

(Si(e,n,t)) 1 > len(e). 

Let R be the relation defined by 

R{e,n,t) <S=> (S 1 (e,n,t)) 1 > len(e) or e £ Prog. 

Using a variety of results from Unit 2, together with Theorem 2.5 of 
this unit, we can deduce that R is a primitive recursive relation. 

If e does not code a URM program then R(e, n, t ) holds for all t € N so 
that fit R(e, n , t) = 0. 

If e codes a URM program and the computation with this program 
halts for input n then fit R(e, n, t) = to, where to is the stage at which 
the computation halts. 

If e codes a URM program and the computation with this program 
does not halt for input n then fit R(e, n, t) is undefined. 

Therefore 

g{e,n ) « fit R(e,n,t). 

Hence g is obtained from the primitive recursive relation R by 
minimization, and so g is a recursive function. 

7 Suppose that e codes a URM program and the instruction to be carried 
out at stage t is a Jump instruction. 

We know that the code number c of the instruction to be performed at 
stage t is given by c = (e ) 0 where a = {Sk{e,ni,n 2 ,. . ■ ,n k ,t)) v 
Suppose that the instruction is J(m, n, q ) so that c = 2 m 3 n 5 9 + 2. Then 
we have 

m=(c — 2 )i, n = (c — 2 ) 2 , q — {c — 2 ) 3 , 
where the functions (x, y) 1 —> (x)„ and - are primitive recursive. 

When the Jump instruction J(m,n,q) is carried out, the numbers in 
the registers do not change but the number of the next instruction 
depends on whether the numbers r m and r n in the registers R m and R.„ 
are equal or not. We have 

r m — (*Sfc(e, Tii 5 ^2 ? • • • j ^))m+i 5 

r„= (S k (e,n 1 ,n 2 ,.. ■ ,n k ,t)) n+1 , 

so the relations ‘r m = r n ’ and ‘r m / r n ’ are primitive recursive, and 
mutually exclusive and exhaustive. 
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If r m = r n then the Jump is carried out and the next instruction 
number is q. To obtain the situation number at stage t + 1 we need to 
change the exponent of 2 in S k (e, n x , n 2 ,..., n k ,t) from a to q. We can 
achieve this by dividing by 2“ and then multiplying by 2 q . If r m ^ r„ 
then all that happens is that the instruction number is increased by 1 ; 
so the situation number at stage t + 1 is obtained by multiplying 
5fc(e, rii, n 2 ,..., rife, t) by 2. Thus we have 


Sfc(e,ni,n 2 ,...,n fc ,f+ 


f 2 9 x quot(5fc(e,n 1 ,n 2 ,...,n fc ,t),2 a ), 
\ 2 x Sfc(e,ni,n 2 ,...,n fc ,t), 


where the functions mult, exp and quot are primitive recursive. Thus 
Sk{e, ni, n 2 ,..., n k ,t + 1 ) is defined by cases from e and 
S k {e, ni, ri 2 , ■ ■., n k , t) using known primitive recursive functions and 
mutually exclusive and exhaustive primitive recursive relations, and so 
by Theorem 1.5 of Unit 2 is of the required form. 


If I'm — I'm 

if I'm 7^ r n, 


Section 3 


1 


We note first that if f :N —> N is a primitive recursive function, then 
so also is the function g : bl —> fd given by 


9(n) 


-I"' 

^ me 


if n = 0 , 

max{/(fc) : 1 < k < n}, if n > 1 . 

This is because g has the following definition by primitive recursion 


3 ( 0 ) = 0 , 

g(n + 1 ) = max(/(n + l), 0 (n)), 

and we have seen in Unit 2 that the functions max and add are 
primitive recursive. 


The function max used here to 
define g when n > 1 is a function 
—► M. In Unit 2, Problem 1.5, 
we saw that this function is 
primitive recursive when n = 2 . 
Here we need to redefine g so that 
it is expressed in terms of 
max : N 2 —► M. 


Now, let M be the function given by 


{ the maximum register 

number used by /, if n codes a URM instruction /, 
0 , otherwise. 


Then M has the following definition by cases in terms of pri mi tive 
recursive functions and relations 


’ quot(n + 3, 6 ), 
quot(n, 6 ), 

M(n) — < max((n - l)i, (n - 1) 2 ), 
max((n- 2 )i,(n- 2 ) 2 ), 
. 0 , 


if n € Zinstr, 
if n £ Sinstr, 
if n £ Cinstr, 
if n € Jinstr, 
otherwise. 


Thus, by Theorem 1.5 of Unit 2, M is a primitive recursive function. 
The function reg can now be defined by 

reg(n) = { max ' 1 ^ ^ len ( n )} > if n e Prog , 

1 0 , otherwise. 


We know from Unit 2 that all the 
component functions and relations 
of M are primitive recursive. 


The function g at the start of this solution is primitive recursive 
whatever primitive recursive function / is used to define it, so in 
particular is primitive recursive if the function M is used. Thus, since 
the function in the first case defining reg is obtained from this version 
of g and the primitive recursive functions (n, k) \—> (n) k and len using 
substitution, it is primitive recursive. Since we also know that Prog is a 
primitive recursive set, we can use Theorem 1.5 of Unit 2 again to 
deduce that reg is a primitive recursive function. 
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2 Since / and g are recursive functions, it follows from Kleene’s Normal 
Form Theorem that there are natural numbers ei and e 2 such that, for 
all (ni,n 2 ,... ,n fc ) G N fc , 

/(t 7i, ti 2 , ..., Tifc) ^ U(/72 Tfc(ei, Ui, 77 2 ,..., 77/;, 2 )), 

3(7li, 77 2 , • . . , 77/,) ~ U (^72: (^2 1 7U > 77 2 1 • * * 5 ‘fi'k , ^))? 

where [/ and are recursive. 

Consider the relations Si, S 2 and S defined by 

Si(ni,n 2 ,... ,77k, 2 ) 4=> f?(ni,n 2 ,... ,nfc) and Tfc(ei,7ii,n 2 ,... , 71 / 5 , 2 ), 

S 2 (77i, 77 2 ,..., 77fc,2) not R(t7i , 77 2 , . . . , 77fc) and T k (e 2 , 77l, 77 2 , . . . , 77fc, 

S(7li , 77 2 , . . . , 77/5 , 2 ) «=> Sl(77i, 77 2 ,..., 77fe,2) or S 2 (77i, 77 2 ,...,77fc,2). 

Using the results for recursive relations equivalent to those for primitive 
recursive relations in Problem 1.10 of Unit 2, we deduce that Si, S 2 
and S are recursive relations. 

Now consider /j,zS(ni : 77 2 ,... , 77*,, 2 ). 

If R{ji \, T7 2 ,... , 77/t), then 

fJyZ S (77 1 , T7 2 , . . . , 77 / 5 , 2 ) — p2 Tfc (fil, 771 , 77 2 , . . . , 77/5 j 2:), 

otherwise 

/72S(77l, 77 2 , . . . , 77fc,2) = /72 Tfc (e 2 , 77/, 77 2 , . . . , 77fc, 2 ). 

Hence, for all ( 771 ,77 2 ,... ,77/;) G N fc , 

h(ri 1 ,77 2 , . . . , 77/;) — U (p 2 S(77l, 77 2 , . . . , 77/; , 2 )). 

Therefore, since U and S are recursive, it follows that h is a recursive 
function. 


3 


One example is obtained by letting f? be the relation defined by: 

f?(rr7,77) <—> 777 codes a URM program which halts with input n 

Then, by Theorem 3 . 1 , the function / : N 2 —> N given by 

f 1 , if f?(m, 77) holds, 

f (777,77) = < „ 
v 2 \ 0 , otherwise, 


is not recursive. 

Now consider the function g : 

9 < m ' n) = { ^defined. 


N 2 —> N given by 

if R(m, 77) holds, 
otherwise. 


Then 


ff(777 , 77) « Cl($l(777 , 77)), 

where $1 is the universal function for URM-computable functions of 
one variable. Since $1 is URM-computable, it is recursive, and hence so 
is g. 
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First we consider the function / : N 2 —> N defined as follows: 

{ P(J(m, n, y + 1 )), if a; codes the instruction 
J(m,n,q) with q > y, 

x , otherwise. 

Suppose that x codes the instruction J(m, n, q). Then x = 2 m 3”5 9 + 2 
so that 

m = (x-2) i, n = (x — 2) 2 , q = (x - 2) 3 . 

Thus we can write the definition of / as 

2 (x 2 )ig(x 2 ) 25 S /+ 1 -(_ 2 , if a; € Jinstr and (x — 2)3 > y, 


Recall that 6(1) is the code 
number of the instruction I. 


f(x,y) = 


x, otherwise. 


Therefore / is a primitive recursive function, since it is defined by cases 
using primitive recursive functions and relations. 

Now, if we have a URM program P which is coded by the number e, 
the program contains len(e) instructions. Thus we obtain the standard 
form of P , that is, the program P', by replacing each instruction of the 
form J(m,n,q) with q > len(e) by the instruction J(m, n, len(e) + 1 ) 
and leaving the other instructions unchanged. Thus the number which 
codes the program P' is obtained by replacing each exponent (e) r for 
1 < r < len(e) by the number /((e) r , len(e)) where / is the primitive 
recursive function described above. Hence the number 7 (P') which 
codes the program P' is given by the bounded product 


len(e) 

if 

r=l 


n f(( e ) r.len(e)) 


Thus 


len(e) 

sf(e) = { II rf (W " 

r=1 

0, 


if e e Prog , 
otherwise. 


Therefore sf is a primitive recursive function, since it is defined by cases 
using primitive recursive functions and relations. 

5 (a) The URM program Q with the single instruction 

5(1) 

computes the successor function. 

(b) We shall mimic the procedure used in Example 3.1. As the required 
output of P* when n is input and fp(n) is defined depends on n, 
we need to copy the input into an unused register before we apply 
the program P. 

First, as we are given the code number e of a URM program, we 
recover the instructions of P from e and compute the value of 
reg(e) to get the maximum register number p(P) used in P. As 
P(Q) = 1, the register p(P) + 1 is not used in either P or Q. We 
then construct P* as the following concatenation of instructions. 

C(l,p(P) +1) 

P 

C(p(P) + 1,1) 

5(1) 

With input n, this program P* outputs n + 1 when fp( n ) is defined 
and fails to halt if fp(n) is not defined. So P* computes the 
successor function precisely when the function fj, computed by P is 
total. 


As our program Q only uses 
register R 1 , there is no need to 
clear the contents of any registers 
before copying n back to 
register Ri. 
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6 The zero function is computed by the URM program 

1 Z( 1) 

which is coded by the number 2 3 = 8. Thus 

n £ Zero <=> n € Prog and E(n,8). 

Hence if the relation E were recursive, so too would be the set Zero. 
Thus we can deduce from the result of Problem 3.4 that the relation E 
is not recursive. 

(This result tells us that the problem of determining whether two URM 
programs compute the same function of one variable is algorithmically 
undecidable.) 


7 Suppose that the set K is recursive. We show that this leads to a 
contradiction. 


Consider the function h given by 


w n _ f $i {n,n), if n £ K, 

^ n ' y 0, otherwise. 

Note that if n G K then <f>i(n, n) is defined, so that h is total and by 
Problem 3.1 is also recursive. 


It follows immediately that the function g : N — > N given by 
g(n) = h(n ) + 1 

is also total and recursive. As g is recursive, Theorem 2.9 tells us that 
there is some natural number e such that, for all n , g(n) = 4>i(e, n), 
that is, the URM program coded by e computes g. Hence 

5(e) = $i(e,e). 

But, as g is total, e € W e , so that e € K. Therefore, from the definition 
of g , 

5(e) = $i(e,e) + 1, 
which gives a contradiction. 

We conclude that the set K cannot be recursive. 

(This result tells us that the problem of determining whether the code 
of a URM program lies in the domain of the function computed by the 
program is algorithmically undecidable.) 
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